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Abstract 

ALE and Taub-NUT (or ALF) hyper-Kahler four-manifolds can be naturally con- 
structed as hyper-Kahler quotients. In the ALE case, this construction has long been 
understood in terms of D-branes; here we give a D-brane derivation in the Taub-NUT 
case. Likewise, instantons on ALE spaces and on Taub-NUT spaces have ADHM-like 
constructions related to hyper-Kahler quotients. Here we refine the analysis in the 
Taub-NUT case by making use of a D-brane probe. 



^On leave from Institute for Advanced Study, Princeton NJ 08540 USA. Supported in part by NSF Grant 
PHY-0503584. 
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1 Introduction 



Some of the simplest non-flat solutions of Einstein's equations are the ALE (asymptotically 
locally Euclidean) hyper-Kahler four-manifolds, which can be obtained by a hyper-Kahler 
resolution of a quotient singularity R^/F, where F is a flnite subgroup of SU{2). Such 
resolutions can be naturally constructed [1] as a hyper-Kahler quotient of a flnite-dimensional 
Euclidean space. This construction has a natural interpretation in terms of D-branes [2] and 
has served as an important example in string theory. 

Close cousins of these spaces are the ALF (asymptotically locally flat) hyper-Kahler four- 
manifolds. These are locally asymptotic at inflnity to x S^. The examples relevant for 
us are the multi-centered Taub-NUT solutions of [3]. They also can be constructed [4] as 
a hyper-Kahler quotient of a flnite-dimensional flat space, but this fact has not yet been 
interpreted in terms of branes. The flrst goal of the present paper will be, in section 2, 
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to accomplish this. For that purpose, we will use the T-duality [5] between an NS5-brane 
localized at a point on M'^ x S*^, and an ALF space. (This T-duality has been further studied 
in [6] . A related statement that symmetry enhancement by k parallel NS5-branes is dual to 
symmetry enhancement due to an Ak-i singularity was first argued in [7].) Probing this T- 
duality with a suitable D-brane, we arrive at the desired hyper-Kahler quotient construction, 
as well as a new understanding of this somewhat subtle T-duality. The construction that 
we use here is really a special case of a recent construction of instantons on Taub-NUT 
spaces [8], as will become clear. 

A generalization of the fact that an ALE space X can be described by a hyper-Kahler 
quotient of a flat space is that moduli spaces of instantons on X can be described by such 
quotients [9]. Indeed, X itself can be regarded as a degenerate case of a moduli space of 
instantons on X - it parametrizes DO-branes on X, which correspond to instantons of rank 
and second Chern class 1. The hyper-Kahler quotient construction of instantons on an ALE 
space is a natural generalization of the ADHM construction of instantons on M^. It is also 
natural in terms of D-branes [2], and has served, again, as an important example in string 
theory. 

Recently [8], a brane construction has been used to describe an analog of the ADHM 
construction for instantons on an ALF spaceH Our goal in section 3 is to use a suitable 
D-brane probe, analogous to the one used in section 2, to slightly extend this construction 
in several directions. Among other things, we determine the relation between the ADHM 
data and the Chern classes of the instanton bundle, and we describe a further relationship 
to M-theory at a product of Afc_i and Ap_i orbifold singularities. 

Certain classes of instanton solutions on ALF spaces have been constructed directly, for 
example in [11,12]. For somewhat related work on singular monopoles and Nahm's equations, 
see for example [13, 14]. For more general reviews of Nahm's equations, see [15, 16]. 



2 D3-Brane Probe Of T-Duality 
2.1 An NS5-Brane On A Transverse Circle 

Our basic idea in finding a D-brane construction of Taub-NUT space as a hyper-Kahler 
quotient is to use the fact that the Taub-NUT space can be generated [5] by T-duality from 
a configuration consisting of an NS5-brane localized at a point on S"^ x M^. We will call this 

^In a forthcoming paper [10], which I received after completing the present one, the differential geometry 
of this construction is described in detail, and a calculation is performed similar to what we do in section 2. 
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configuration Z. Tlie T-dual of x M'^ witliout tfie NS5-brane is simply 5*^ x M'^ (wliere 
is tlie circle dual to 5*^, with the radius inverted). However, T-duality converts the charge of 
the NS5-brane into an "if-monopole" charge that is encoded in the geometry. As a result, 
the T-dual of Z is a space Z that at infinity looks like a nontrivial bundle over M^. The 
first Chern class of the bundle is 1 (the original NS5-brane charge). More precisely, the 
region near infinity in is homotopic to a two-sphere 5^, and the fibration, restricted 
to this two-sphere, has first Chern class 1. 

In fact, Z coincides with the Taub-NUT space, which we will call TN, but it is difficult 
to show this directly via T-duality. The reason for this is that the starting point Z involves 
an NS5-brane, which is described by a two-dimensional conformal field theory, but not one 
which is elementary or known in any explicit form. Consequently, the standard arguments [5] 
for determining Z are slightly abstract. We recall these arguments for completeness. The 
first step is to analyze the symmetries. Because the original configuration Z has a conserved 
winding number symmetry, Z must have a conserved momentum sjTiimetry, that is a f/(l) 
symmetry that rotates the fibers of the fibration. Supersymmetry implies that Z is 
hyper-Kahler and that the f/(l) symmetry commutes with the hyper-Kahler structure of Z\ a 
symmetry with this property is called triholomorphic. A triholomorphic f/(l) symmetry ha^ 
a hyper-Kahler "moment map" /2 : Z — »• M^, whose fibers are the t/(l) orbits. Near infinity, 
where t/(l) acts freely, this map is a circle fibration, confirming that Z is asymptotically an 

fibration. In factjll the moment map is an fibration everywhere except at the ?7(1) 
fixed points (where the radius of shrinks to zero). The first Chern class of the fibration 
at infinity is the number of fixed points, and to get first Chern class 1, we need precisely 1 
fixed point. The unique hyper-Kahler four-manifold with this property is TN, so this must 
be Z. 

Finally, as a check, one notes that in the sigma modejfl with target TN, there is no 
conserved quantity that corresponds to the winding of strings around . The reason for 
this is that a wrapped string can unwind at the fixed point, where collapses to a point. 
The dual of this is that in the original sigma model that describes an NS5-brane localized 
at a point on 5^ X there is no conserved momentum along the because translation 
invariance along the is broken by the presence of the NS5-brane. 

^ The hyper-Kahler moment map was first defined in [17]. For a charged hypermultiplet regarded as 
a complex doublet, the moment map is defined by /i = H^aH . In general, it is defined up to an additive 
constant by dpi = ty w, where uj are the symplectic forms defining the hyper-Kahler manifold, V is the vector 
field that generates the t/(l) action, by is contraction with V , and pi is the moment map. 

"^The form of the metric (|2.ip implies that there cannot be orbits left fixed by a non-trivial finite subgroup 
of C/(l). 

^In the full string theory, as opposed to the sigma model, there is a conserved quantity that generalizes 
the string winding number. This is shown in [5]. 
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2.2 Explicit Form Of The Taub-NUT Metric 



The space TN can be described very simply. We write X for coordinates on M^, and 6 for 
an angular parameter on S"^. A four- dimensional liyper-Kaliler metric with a triholomorphic 
U{1) symmetry can be put in the general fornJ§ [18] 

ds^ = UdX -dX + ^{de + uj-dXf, (2.1) 

where f/ is a harmonic function on M^, and w = Co ■ dX is a U{1) connection on such that 
dU = -kdw. TN corresponds to the special case of (12.11) with 

Here A is a constant, which determines the asymptotic radius of S^. And x is a point in 
that is given by the position of the NS5-brane in the original description on x M^, 
projected to the second factor. For X ^ x, collapses to a point. (Of course, we could 
remove the dependence on x by shifting the coordinates X, but we retain it since we will 
eventually be interested in the relative positions of several NS5-branes.) 

As for the projection of the NS5-brane position to S^, it corresponds to a mode of the 
5-field on TN. This may be deduced as follows. The position of the NS5-brane in can, 
of course, be changed by a rotation of S^. The T-dual of the rotation group of is a 
group of gauge transformations of the i?-field that are asymptotically constant at infinity. A 
general S-field gauge transformation is of the form B B + dA where A is a one-form. By 
an asymptotically constant -B-field gauge transformation, we mean one such that at infinity 
A — > f{d9 + uj ■ dX), for constant /. We only care about the asymptotic behavior of A, 
because in general two gauge transformations that coincide at infinity act identically on 
physical states. Moreover, we only care about the value of / modulo an integer, because 
again, a 5-field gauge transformation by a one-form A that is closed and whose periods 
are integer multiples of 2n acts trivially on physical states. (Differently put, the gauge 
transformation corresponding to A is trivial if, when regarded as an abelian gauge field, A 
is pure gauge.) Hence the asymptotic value of 27r/ is an angle. 

In the present case, because the circle shrinks to zero size in the interior of TN, a 
one-form A that is asymptotic to f{d6 + uj ■ dX) (and so has a nonzero integral over S^) 
cannot be closed, and therefore a gauge transformation B ^ B + dA generates a non-trivial 
shift of the 5-field. This is dual to the fact that a rotation of the original shifts the 
position of the NS5-brane. The T-dual of the angular position of the NS5-brane is encoded 



^ For this metric to be smooth, 9 has period An. This normahzation is used in much of the hterature to 
avoid some factors of 2, and wiU be followed in all similar formulas in this paper. 
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in a S-field of the form B = dA, where at infinity A —>■ f{d6 + uj ■ dX). The angular position 
of the original NS5-brane is 27r/. 

Apart from being of the pure gauge form B = dA, the two-form B that is dual to the 
fivebrane position should be anti-selfdual (and in particular harmonic) for supersymmetry. 
It should also be invariant under rotations of around the point X = x, since the original 
NS5-brane had this property. In fact, there is a unique anti-selfdual harmonic two-form on 
TN with all the right behavior (apparently first constructed in [19,20]; see also [21]), namely 
B = dA with 

A = ^—(de + uj-dx), r = \X-x\. (2.3) 
r + \ / 

This formula and the previous ones of this subsection have a natural explanation by con- 
structing TN as a hyper-Kahler quotient [4], as we will recall in section [2751 

2.3 A More Concrete Approach 

The argument of section 12.11 for finding the T-dual of the space Z is clear but somewhat 
abstract. We would like to find a more concrete way to analyze the T-dual of Z. To do this, 
we will consider a D-brane probe. The D-brane will be an El-brane (a Euclidean D-brane 
of one- dimensional worldvolume) wrapped on L = x x, where x is a point in M^. The 
moduli space W of supersjTumetric configurations of the El-brane is four-dimensional; the 
choice of x depends on three parameters, and (at least when the El-brane is far away from 
the NS5-brane) the fourth parameter is the holonomy around L of the U{1) gauge field of 
the El-brane. T-duality on S^, while leaving W unchanged, converts the El-brane to an 
EO-brane on Z. But the moduli space that parametrizes EO-branes on Z is simply a copy 
of Z - an EO-brane is supported at a point, which may be any point in Z. So Z is the 
same as W, and in other words, to determine the T-dual of Z, it suffices to determine the 
El-brane moduli space W. This can be done using arguments of a standard type, and will 
lead us to an explicit description oiW oi Z that will coincide with the hyper-Kahler quotient 
construction [4] of the Taub-NUT space TN. 

Though determining W is just a question about the sigma model with target Z, the 
steps required to answer it are probably more familiar if we embed the problem in Type IIB 
superstring theory. We take the ten-dimensional spacetime M to be 

M = X 5^ X M| X M|. (2.4) 

All branes we consider will have a worldvolume that includes the first factor M'^, but they 
will in general have no other factors in common. Such branes will generate at low energies 
an effective gauge theory on M^; we will choose the branes so that this theory has half 
of the possible supersymmetry (eight supercharges). The last two factors and are 
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parametrized by triplets of real coordinates X and Y] the corresponding rotation groups 
50(3)^5^ and 50 (3)^? are i^-symmetry groups in the three-dimensional gauge theory. To 
embed in this context our problem of finding the T-dual of Z, we introduce an NS5-brane 
whose worldvolume is x times a point in x R^. Thus, x R^, with the embedded 
NS5-branc, is what wc earlier called Z. Up to a translation symmetry, we can take the 
NS5-brane to be located at = y = X, where S^, whose circumference we call 27ri?, is 
parametrized by a variable y with y = y + 27rR. Similarly, we promote the El-brane wrapped 
on a circle in Z to a D3-brane whose worldvolume is R^ x times a point in R^ x RL 

J\. Y 

— * 

Since the NS5-brane is invariant under translations in Y, there is no essential loss in taking 

— * — * 

the D3-brane to be at y = 0. The value of X for the D3-brane parametrizes three of its four 
moduli. 

The effective action on the worldvolume of a stack of N D3-branes is four- dimensional 
J\f — A super Yang- Mills theory, with gauge group U{N). (In our present discussion, we 
will take a single D3-brane, but the generalization to any number is important later.) When 
a D3-brane intersects an NS5-brane, the gauge theory is "cut." We get separate U{N) 
gauge theories on either side of the NS5-brane, coupled via the existence of a bifundamental 
hypermultiplet supported at the D3-NS5 intersection. 

In the case of D3-branes wrapped on R^ x (the first two factors in M), their motion 
in the normal space R^ x R?. is described by adjoint- valued scalar fields that we call X and 

Y. Incorporation of an NS5-brane (embedded as above) reduces four-dimensional Af = A 
supersymmetry to what we might call three-dimensional A/" = 4 supersymmetry (with half 
as many supercharges). Invariance under this remaining supersymmetry algebra requires 
that Y should be a constant (which we will take to be zero), while X should obey Nahm's 
equations. In their gauge-invariant form, these equations read 

DX 

-— + X X X ^0. (2.5) 
Dy 

Here D/Dy = d/dy + Ay, with Ay the component of the gauge field in the direction. 
Henceforth we denote Ay simply as A. Locally, A can be gauged away, but it is more useful 
to write the equations in a gauge-invariant way. Also, X x X is defined by {X x X)a = 
jeabci^b, ^c], for a,b,c = 1, 2, 3. (For more detail on Nahm's equations, see, for example, [15] 
or section 2 of [16].) 

The effect of introducing an NS5-brane at y = yo (eventually we will set yo = 0) is that, 
locally, the D3-branes support separate U{N) gauge theories for y < yo and y > yo- (If, as in 
our problem, there is only one NS5-brane and y parametrizes a circle, then these two gauge 
theories are connected by going the long way around the circle.) We write {X~,A~) and 

— * 

(X+, A'^) for the fields to the left and right of y = yo- At y — yo, there is a bifundamental 
hypermultiplet field H, transforming as {N, N) ® (N, N) under U{N) x U{N). It has hyper- 
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Kahler moment map^ /2 and fl^ for the left and right actions of U{N). Supersymmetry 
requires that {X~,A~) and (X~^,A'^) obey Nahm's equations for y ^ yo, and additionally 
leads to boundary conditionci 

X-(yo)=/2-, X+(yo) = -/2+. (2.6) 



Now let us specialize this to our problem, in which there is only a single D3-brane, with 
gauge group f/(l), and there is just a single NS5-brane, which we place at y = 0. Because 
the gauge group is abelian, Nahm's equations reduce to 

The bifundamental hypermultiplet H reduces to a single hypermultiplet that transforms 
with charge 1 or —1 under gauge transformations acting on the left or right. In particular, 
this means that = —fl'^; we henceforth write fin for Setting ?/o = 0, it is convenient 
to unwrap the circle to an interval I : < y < 27iR; after doing so, we set X"'"(?/o) = -^(0) 
and X~{yo) = X{2ttR). Approaching yo from right or left now corresponds to y = or 
y = 27cR, so the boundary conditions (12. 6p become 

X(0) = -fiH = X{27rR). (2.8) 

If we also impose Nahm's equations (12.71) . then X{0) = X{2txR) and the second condition 
in (12.81) can be dropped. 

At this point, we can rather trivially describe topologically the moduli space W of su- 
persymmetric states of the D3-brane. (It will take more work to determine its hyper-Kahler 
metric.) The hypermultiplet H parametrizes a copy of M^. After picking if, we compute 
—jiH and use (12.81) to determine X(0). Then according to (12.71) . we set X(?/) = X(0) for 
all y. Finally, we gauge away the U{1) gauge field A, which does not appear in any of the 
above equations, and contains no gauge-invariant information. The upshot is that there is a 
unique supersymmetric configuration for each choice of H,soW = R^. 

We recall that the expected answer is that W should be the Taub-NUT hyper-Kahler 
four-manifold TN. Topologically, this is equivalent to M^, so we are on the right track so 
far. To determine the hyper-Kahler metric of W , we repeat the above analysis with more 
care. Nahm's equations and the boundary condition (12. 8p can be interpreted in terms of an 
infinite-dimensional hyper-Kahler quotient. We write W for the space of triples {X,A,H). 
W carries a natural flat hyper-Kahler metric that we will write down shortly, and W can 



^See footnote [3] for the definition of the hyper-Kahler moment map. 

^For brevity, we set the gauge coupUng to 1 except in section [^31 Otherwise, X"^ should be multiplied 
here by 
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be interpreted, roughly speaking, as the hyper-Kahler quotient of W by the group of gauge 
transformations. 

However, constant gauge transformations act trivially on W, since (i) the gauge group 
is abelian (so constant gauge transformations do not act on X or A), and (ii) H transforms 
with equal and opposite charges under gauge transformations at y = and y = 2t\:R (hence 
H is invariant under gauge transformations that are actually constant). So we really want 
to remove constant gauge transformations from the discussion. A convenient way to do this 
is to allow only gauge transformations that are trivial at ?/ = 0. We let Q be the group of 
such gauge transformations, that is, the group of maps g{y) : I ^ U{1) such that (7(0) = 1. 
With this definition, W is the hyper-Kahler quotient of W by Q. Here W is endowed with 
a natural flat hyper-Kahler metric: 

ds^ = \dH\^ + ^ j^^"" dy {dX{y) ■ dX{y) + dAiyf) ; (2.9) 

|di7p is the fiat hyper-Kahler metric of the space that is parametrized by H. The 
hyper-Kahler moment map for the action of ^ on W is 

dX 

My) = -^ + S{y- 27ri?)(X(27ri?) + /2h). (2.10) 
dy 

(This computation is explained in section 2.3.2 of [16].) So the condition /Iw = gives 
Nahm's equations plus the boundary condition (12.81) . 

Thus, the space W of supersymmetric vacua of this system can be interpreted as the 
hyper-Kahler quotient of W by Q. Such a hyper-Kahler quotient is often denoted W/f/Q. 
We are getting close to the result of [4], but we are not there yet. So far we have exhibited 
W as an infinite-dimensional hyper-Kahler quotient, while in [4], TN is realized as a hyper- 
Kahler quotient of a finite-dimensional fiat manifold. 

We can establish the equivalence of these two constructions by using the fact that the 
infinite-dimensional group Q has a codimension 1 normal subgroup Q^, consisting of gauge 
transformations that are trivial at y = 2ttR (as well as at ?/ = 0). Thus, an element of Qi, is 
a map g{ii) : / UiX) with g{Q) = g{2iTR) = 1. The group Q maps to U{1) by evaluating a 
map g{y) a.t y = 27cR, and this gives Q as an extension of Q^, by U{1): 

i^g.^g ^u{i)^i. (2.11) 

We can compute the hyper-Kahler quotient of W by ^ by first taking its hyper-Kahler 
quotient by Q^,, to get a space that as we will see shortly is finite-dimensional and fiat. 
Then W is the hyper-Kahler quotient of by U{1). When we make this explicit, we will 
recover the description of TN given in [4], confirming finally that W is the same as TN. (The 
relevant part of [4] is reviewed in section [231 ) 
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The hyper-Kahler moment map for is the same as fl2.10p . except that we should omit 
the delta function term (since a generator of vanishes at y = 2ttR). So one step in 
determining Wi, = W///^* is to impose Nahm's equations and set X{y) to a constant, which 
we just call X. This gives a subspace of W that we will call W. Then is the quotient of 
W by Q^,. Here Q^, acts only on A; in its action on A, the only invariant is 

l>2TrR 

a= dyA mod 27r. (2.12) 

Jo 

a is a ^j,-invariant mod 2tt since a gauge transformation in Q^, is trivial at both endpoints 
(gauge transformations in Q^^ that have a non-trivial winding number around U{1) can shift 
a by an integer multiple of 27r). 

To find the induced hyper-Kahler metric on W^, = W /Qj,, we take a slice of the action of 
Qi, on W' that is orthogonal to the orbits (with respect to the metric (12.91) ). and evaluate 
the metric (12.91) on this slice. The appropriate slice is obtained simply by taking A{y) to be 
constant: 

Aiy) = (2.13) 

(To see that this slice is orthogonal to the orbits, we note that the change in A{y) under 
an infinitesimal gauge transformation in Q^, is of the form A{y) A{y) + de/dy, where 
e(0) = e(27ri?) = 0; orthogonality means that J^""^ dy a (de/dy) = for constant a.) With 
this slice, we compute the metric on W^, by simply evaluating (12.91) . and get 

ds^ = \dH\^ + 7cRdX ■ dX + ^da'^. (2.14) 



In particular, this is a fiat metric on PV* = M'' x 5*^. The space M is the finite-dimensional 
hyper-Kahler quotient M = W^///U{1). (The moment map for this U{1) is simply the 
coefficient of the delta function in (12.101) .) This is precisely the description of the Taub-NUT 
manifold given in [4], so we have accomplished our task of identifying the D-brane moduli 
space - and hence the T-dual of the original configuration Z - with that space. 



2.4 The Multi-Centered Case 



The problem we have considered so far has a natural generalization. We consider k NS5- 
branes in x M^, at locations Pa = ya >^ x^, <J = I, . . . ,k. We denote x with these 
fivebranes as Z]^. We now want to determine what happens when we apply to the usual 
T-duality of S^. 

The answer is known to be a multicentered Taub-NUT or ALF manifold, as first con- 
structed in [3]. This can be shown by arguments similar to those that were summarized in 



10 



section 12.11 The T-dual of must be a hyper-Kahler four-manifold with a triholomorphic 
f/(l) symmetry. It therefore can be put in the general form of eqn. (12.11) . for some harmonic 
function U. U must approach a constant at infinity (since the radius of the dual circle 
must be asymptotically constant) and must have a singularity as in (12. 2p for each fivebrane. 
So we must have 

o-=l 1^ -^o-l 

This is the multi-centered Taub-NUT or ALF geometry [3]; we denote this space as TNk. 

As in section 12.21 our goal is to understand this result in a more explicit way, using a 
D-brane probe. The strategy will be the same. The T-dual of Zk is the same as the moduli 
space of supersymmetric states of an El-brane wrapped on the product of 5*^ with a point 
in M^. In the Type IIB interpretation, we consider the spacetime 

M = X 5^ X X (2.16) 

with NS5-branes supported on M'^ x t/o- x x^. x M^, a = 1, . . . , k. In this spacetime, we consider 
a D3-brane probe supported on x 5*^ x g x {0}, where g is a point in M^. The T-dual of 
is the moduli space W of supersymmetric vacua in the probe theory. (More exactly, we 
want the subspace consisting of such vacua that are invariant under S0{3)f - that is, those 
that are supported at y = 0. This is why in what follows we ignore the motion of the probe 
in Y.) 

It is convenient to begin with the case that the NS5-branes are all at the same location 
in M^, say x„ = 0, a = 1, . . . , k. The D3-brane can "break" when it crosses an NS5-brane. 
This results in general in k D3-brane slabs, supported respectively on x [y„,y„^i], where 
[Ua, Va+i] is the closed interval in 5*^ with the indicated endpoints. Each slab supports a U{1) 
gauge theory with A/" = 4 supersymmetry; this theory has its own fields X and A. To simplify 
the notation, we group these all together as a single set of fields X{y), A{y)] but when we 
do this, X{y) may be discontinuous at y = y^, cr = I, ■ ■ ■ , k, and the gauge transformations 
acting on A{y) may likewise be discontinuous. (In the notation, we suppress the dependence 
of the fields on the directions of x S*^, since supersymmetric vacua are described by 
fields that are constant in those directions.) Supported on each common boundary x {ya} 
of two adjacent slabs is a bifundamental hypermultiplet Her that transforms with equal and 
opposite charges under gauge transformations of the left or right slab restricted to y = y^- 

Supersymmetry requires that X obeys Nahm's equations 

^ = 0, (2.17) 

dy 

with possible jumps across slab boundaries at y = y„. At y = y^-, we need boundary 
conditions analogous to (12. 6p . We write X~{y„) and X^ijj^) for the limits of X{ii) for y ^ y^ 
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from the left or right. Similarly, we write jiL^fj and pipi^a for the hyper-Kahler moment map 
of ifo- under gauge transformations acting on the left or rig As in fl2.6p . the boundary 
condition is then 

X'{y„) = ilL,a, X+{y^) = -jlR,^. (2.18) 

In this form, the boundary condition holds in the nonabelian case with any number of probe 
D3-branes. However, if there is only a single D3-brane, the left and right hyper mult iplet 
moment maps are equal and opposite as before, and we write (Il^o- = ~f^R,cT = ^f^H^- The 
boundary condition is then 

X-{y^) = -flH„=X+{y^). (2.19) 

The T-dual of is simply the space of solutions of (12.171) and (12.181) for a triple 
{X{y), A{y), Her), modulo gauge transformations acting on A and H„. {A{y) actually does 
not appear in the equations.) Before determining the moduli space, let us generalize slightly 
to the case that the NS5-branes have arbitrary transverse positions € 'M.%. 

For any one value of a, the effect of this can be eliminated by shifting X by Xo-- The 
resulting generalization of (I2.19p is 

X-{y^) = -flH„ +x^ = X+{y,). (2.20) 

Of course, if there are several NS5-branes with different values of x^-, we cannot shift X so 
as to remove these constants for all values of a. 

Equation (I2.20p has a simple interpretation. Assuming it exists (which is so under a mild 
topological condition), the hyper-Kahler moment map /i of a hyper-Kahler manifold with 
U{1) symmetry - in this case the fiat hyper-Kahler manifold parametrized by H^j - is unique 
only up to an additive constant. Precisely such a constant is visible in eqn. (I2.20p . which 
says that the limit of X{ii) for y y^ (from left or right) is equal to —fl'n^i where we define 
a shifted moment map 

f^H. = f^H^ - Xa (2.21) 

with an additive constant —Xa- Adding such a constant to the moment map preserves the 
hyper-Kahler nature of the hyper-Kahler quotient. This is also clear in the present example 
from the fact that these constants result from shifts in NS5-brane positions that preserve 
sup ersy mmet ry. 

The explicit determination of the moduli space is similar to what we have already seen 
in section [231 We let W be the space of data (X, A, Hi, ... , H^). W has a fiat hyper-Kahler 

^Wc fix an additive constant in jl by requiring it to vanish when Ha = 0. This is the unique choice that 
makes S'0(3)^-invariant. That invariance wiU be relaxed shortly. 
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metric that is the obvious generahzation of fl2.9p : 



ds' = J2 \^H^\' + I r^'^y {^X{y) ■ dX{y) + dA{yf) . (2.22) 

(T=l 

We want to take the hyper-Kahler quotient of W by the group of gauge transformations, 
but in doing so, we again take into account the fact that constant gauge transformations act 
trivially. It is therefore convenient to pick a point, say y = 0, and consider only gauge trans- 
formations that are trivial at that point. Also, a gauge transformation may be discontinuous 
at the points y = y^, a = 1, . . . , k. It therefore has separate limits g~{ya) and g'^iya) as 
y ^ ya from the left or right. We set 

= g'iyay'g^iya), a = i,...,k. (2.23) 

We may as well pick coordinates so that = yo < yi < ■ ■ ■ < yk-i- (We consider the index 
a to have period k, so that yo is the same as yk- At the end of the analysis, one can permit 
some of the y^ to coincide.) We let Q be the group of maps g{y) : U{1), which are 

continuous except possibly at the points y^, and which obey g^{0) = 1. The moduli space 
we want is the hyper-Kahler quotient W = W/f/Q. 

This describes the T-dual of as an infinite-dimensional hyper-Kahler quotient, but as 
in the example with a single fivebrane, it is possible to reduce this to a finite-dimensional 
hyper-Kahler quotient. We let Q^, be the normal subgroup of Q consisting of continuous 
gauge transformations, in other words those for which Mq- = 1, cr = 1, . . . ,p. Thus, we have 
an exact sequence 

l^g.^G^ U{1Y ^ 1, (2.24) 

mapping an element of Q to the corresponding collection of m^'s. We can reduce to finite 
dimensions by first taking a hyper-Kahler quotient by after which we take a finite- 
dimensional hyper-Kahler quotient by F = U{iy. So we define = W/j/Qi, and the 
desired moduli space is then W = W^^/f/F. 

To make this explicit, we need to construct W^,. Q^, acts trivially on the hypermultiplets 
H(j, which therefore are unaffected by the hyper-Kahler quotient by The vanishing 
of the Qi, moment map simply gives Nahm's equations dX/dy = 0. Because Q^, consists 
of continuous gauge transformations on the circle, nothing special happens at the points 
y = y^. Therefore, when the moment map vanishes, X is constant, independent of y. 

A longer way to obtain the same statement is to observe that away from the special 
points ycr, vanishing of the moment map certainly gives Nahm's equations dX/dy = 0. 
At y = yfj, because of requiring a gauge transformation to be continuous, we only get one 
linear combination of the two conditions X~{y„) = —flu^ + and X^iy^) = —fiH^ + x„ 
in (12.201) . This linear combination is independent of (which does not appear in the Q-^ 
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moment map, since acts trivially on H„), so even without computation, it must be the 
difference of the two conditions, X~{y„) = X'^{y„). 

To complete the hyper-Kahler quotient, we must also divide by Q-^, which acts only on A. 
As in f l2.12p . the only invariant is the global holonomy a = Jq^^ dy A, valued in ]R/2'7rZ. W^, 
is therefore a simple product 11^=1 ^ ^ S^), where is a copy of parametrized 
by i^o-, is parametrized by X, and 5*^ is parametrized by a. The hyper-Kahler metric of 
W-^ is the obvious analog of ( 12.14^ : 

ds^ = y |di/,P + 7ri?dX-dX + — -dal (2.25) 
^-^ Ann 

This can be shown by the same reasoning as before. 

Finally, we have to take the hyper-Kahler quotient of hj F = U{iy. We write 
F = 11^=1 ^(-'-)o-' "where U{1)^ is a copy of U{1) parametrized by u^j (defined in fl2.23p ). 
Thus, f/(l)cr acts in the usual way on H„ and acts trivially on the other hypermultiplets. 
On the other fields {X,a), all of the [/(l)o-'s act in the same way, independent of a: they 
act trivially on X, and by rotation of the angle a. The U{l)cr moment map for this action 
is precisely —X + piu^ — x^, whose vanishing gives the remaining conditions in fl2.20p . 

So the moduli space we want - the T-dual of - is the hyper-Kahler quotient W-^///F. 
On the other hand, according to [4] (and as reviewed in section [53]), precisely this finite- 
dimensional hyper-Kahler quotient is equal to the multi-centered Taub-NUT space TN^ 
(with U given in eqn. (12.150 ). So we have obtained a more concrete, although perhaps 
longer, explanation of why the T-dual of Zk is TNk. 

The moduli of Z^, apart from the radius of the circle, are the positions x„ x y^ of the 
NS5-branes. The enter the geometry of the T-dual - because of their appearance in the 
moment map, and consequently in the function U of eqn. (12.150 - while as in section 12. 2[ 
the ya are modes of the i?-field on TNk- 



2.4.1 Topology 

The relevant modes of the S-field can be described topologically as follows. It is convenient 
to refer back to the multi- Taub-NUT metric 

k 

ds^ = UdX -dX + hde + u-dXY, [/ = V^i + (2.26) 

(T=l -^crl 

The moment map jl : TN ml is the map that forgets 9 and remembers X. The inverse 
image of a generic point in Rj^ is a circle (parametrized by 6), but the inverse image of 
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Figure 1: (a) Nonintersecting curves la, a = l,...,k, connecting the points Xa £ to infinity 

(in the figure, k = 3). Their inverse images in TN^ are the noncompact cycles Ca- (b) A curve 
Ifja' connecting two of the points XajX^i, and not meeting any of the others (sketched here for 
a, a' = 1,2). Its inverse image is a two-cycle C^a' C TNk that is topologically 5^. l^a' is homologous 
to the difference 1^ — la' (which represents a curve from Xa to infinity and back to Xa')- 
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one of the points Xg-, a = 1, . . . , (at which 5*^ shrinks to zero radius) is a point. As in fig. 
lH^a), for cr = 1, . . . , fc, let l^j be a path in from Xa- to infinity, and not passing through 
any of the other points Xa'- We can take the 1^ to be parallel rays in some generic common 
direction. Then for each a, = il~^{la) is topologically an open disc (and metrically a sort 
of semi- infinite cigar). We define 

e„= f B. (2.27) 

9rj does not depend on the precise path l^j (as long as B is flat and vanishes at infinity) 
and is invariant mod 27rZ under B-field gauge transformations that are trivial at infinity. 
Thus, we can regard the 0^ as angles; they are dual to the angular positions UalR of the 
original NS5-branes. As in section 12.21 a rotation of the original circle in Zk is dual to a 
5-field gauge transformation that is nonzero but constant at infinity {B ^ B + dA where 
A is asymptotically fidO + Q ■ dX), with constant /). A gauge transformation of this type 
shifts all ^o- by 27r/, as one can readily calculate using the definition f l2.27p . so the differences 
Oa — Oa' are invariant. The fact that these are completely gauge- invariant (regardless of the 
behavior of the gauge parameter at infinity) is clear from the following. The difference 1^ — 
is homologous to a path /o-o-' from Xa to x^i (fig. [11(b)). The inverse image Caa' = i^'^ilcra') 
is a compact two-cycle, topologically a copy of S"^. So 

e,-d,,= f B (2.28) 

is completely gauge- invariant. 

The compact cycles Caa' generate the second homology group of TNk. Indeed, that group 
is isomorphic to generated (for example) by the cycles D„ = Co-_i,cr, a = 1, . . . , k — 1. 

These cycles intersect like the simple roots of the group Afc_i = SU{k). To prove this, we 
represent each cycle D„ by an oriented path la-i,a, and we count intersections of cycles, 
which come from intersections of paths. For example, has one point of intersection with 
Dg-ii, coming from the endpoints of the paths, and this contributes 1 to the intersection 
number. On the other hand, for |cr — r| > 2, D^r is disjoint from (if the paths are suitably 
chosen) , so the intersection number vanishes. Finally the self- intersection number of each Du 
is —2; for this, we observe that can be deformed to a second path between the same 
two points; generically the two paths intersect precisely at the two endpoints, and allowing 
for orientations, each contributes —1 to the intersection number. Putting all this together, 
the matrix J of intersections of the cycles is 

{-2 ii a = T 
1 if a = r ± 1 (2.29) 
if|a-r|>2. 

3 is the negative of the Cartan matrix of the group Afc_i. If we include one more cycle 
Do = Ck-ifl (which in homology is minus the sum of the others), we get the negative of the 
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Figure 2: The intersection pairings of the cycles Co-,cr+i have a natural interpretation in terms of 
the Dynkin diagram of the group Afc_i. More precisely, the cycles Cqi, C12, • • • , Cfc_2,A,.-i, which 
are arranged here in the horizontal row at the bottom, correspond to the nodes of the ordinary 
Dynkin diagram of A^-i- The diagonal elements of the intersection matrix are The cycle Ck-ifl, 
depicted here at the top, then represents the additional node of the extended Dynkin diagram of 
this group. 

extended Cartan matrix. (The cycles can be naturally arranged as the nodes of a Dynkin 
diagram, as in fig. [21 we interpret Dq as the extended node.) This is related to the fact that 
TNk generates an Afc_i singularity when all points Xa coincide; this leads in M-theory to 
Afc_i = SU{k) gauge symmetry. 

The results described in the previous paragraph reflect the fact that if2(TNk,Z) is iso- 
morphic to the weight lattice of A^-i, and in particular is isomorphic to Z*'"^. The first 
Chern class of an instanton bundle over TNk takes values in if^(TNk,Z), so for our later 
study of instantons, it will help to have an explicit description of that group. We simply 
use the fact that if^(TNk, Z) is dual to if2(TNk, Z) (and in particular is also isomorphic to 
1}-^). The duality means that there is a natural pairing in which an element h G if^(TNk, Z) 
assigns an integer h^^i to each compact cycle Co-o-', and we must have b„„i + h^ji^n + h^n^ = 0, 
since the sum Cg-o-' + Ca'a" + C*o-"o- vanishes in homology. So b^^^/ = b'^ — b„i , for some integers 
b(j, which are uniquely determined up to b„ —* b^j + b for some integer b. (One choice of the 
60- is bi = 0, b„ = —61,0- for a > 1.) Thus /f^(TNk, Z) is spanned by integer-valued sequences 
{b„\(j = 1, . . . , k}, modulo b„ b„ + b. 

Since TNk is not compact, we should distinguish the second cohomology group from the 
second cohomology with compact support, which is its dual. We denote the second coho- 
mology with compact support as H^p^^{TN\f_, Z); this is naturally isomorphic to i72(TNk, Z), 
by the map which takes a homology cycle (which is compact by definition) to its Poincare 
dual. They are both dual to if^(TNk,Z). A cohomology class / with compact support is 
represented by an integer-valued sequence {faW = 1, . . . ,k} with f„ = 0. This is the 
dual of the cohomology, as there is a natural pairing between a cohomology class b = {b„} 
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and a cohomology class with compact support / = {/a}: 

{bJ) = J2^J.. (2.30) 

In this way of representing the dual of i?^(TNk, Z), the homology cycle Cpp' is related to the 
sequence fa = S^p — S^p', which indeed obeys J2a /o- = 0- 

There is also a "geometrical" (rather than topological) version of iJ2(TNk, Z), generated 
by the noncompact cycles C^, cr = 1, . . . ,k. Reasoning as above, the intersection matrix 
of these cycles is simply {Ca,Ca') = S^a', corresponding to the weight lattice of the group 
U{k). (To make this rigorous, one must count intersections for a prescribed behavior of the 
cycles at infinity, i.e. a prescribed asymptotic behavior of the paths /□-.) This is related 
to the fact that k NS5-branes T-dual to TN^ generate U{k) gauge symmetry (rather than 
SU{k)). The corresponding geometrical version of if^(TNk,Z) is Z'', labeled by sequences 
{b(j\(r = 1, . . . ,k} with no equivalences. 



2.5 Review Of Hyper-Kahler Quotient Construction 

To tie up various loose ends, we will now briefly review the hyper-Kahler quotient construc- 
tion [4] of the multi-Taub-NUT spaces TNk, which we have recovered as the output of our 
analysis. We begin with the basic case k = 1. (We largely follow the notation of [4] with 
some modifications to be consistent with the present paper as well as [16].) 

Let if be a hypermultiplet parametrizing a fiat hyper-Kahler manifold M^, and pick a 
triholomorphic U{1) symmetry that acts linearly on H. (This U{1) is simply a subgroup of 
the SU{2) rotation group that acts linearly on preserving its hyper-Kahler structure.) 
Writing (Ih = r for the moment map, and r = |r| for its magnitude, the metric of can be 
put in the form 

ds^ = -dr^ + ridip + u ■ dr?. (2.31) 

r 

This is a special case of (12.11) with U = 1/r. The triholomorphic U{1) acts by shifts of ip. 

Now we consider the flat hyper-Kahler manifold x S^, with a triholomorphic U{1) 
symmetry that acts by rotation of the second factor. We parametrize by a triple of 
coordinates X, and by an angular variablj^ 9, so the metric is 

ds^ = dX^ + XMe^, (2.32) 

with a constant A that controls the radius of the circle. With a natural orientation of the 
hyper-Kahler structure, the U{1) moment map is AX. 

We take to have period 47r, like tjj (recall footnote^, to minimize factors of 2. 
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The combined metric on x x is 

ds^ = idr^ + ridip + Q ■ dvf + dX^ + \^dd^. (2.33) 

The f/(l) action is {ip, 9) {ip + t,6 + t), so x = ~ ^ is invariant. The moment map of 
the combined system is /2 = r + AX. 

To construct the hyper-Kahler quotient W = (M^ x M'^ x S^)///U{1), we must restrict 
to /i^^(O) and then divide by U{1). Restricting to /i~^(0) is accomphshed by simply setting 
X = — r/A. We write the resulting metric on /I~^(0) in terms of x and 6 (rather than ip and 



ds^ = ( - + — ) dr^ + r(dx + d9 + uj- dr)^ + X^dO^ (2.34) 



1 1 
r A 

Completing the square for the terms involving d^, the metric on /2~^(0) is equivalently 

= + X^) + + ^) + ■ ^^)' + + (^^ + ^-pp + ■ drf 

(2.35) 

In these coordinates, the triholomorphic U{1) symmetry acts by shifts of 6, so to construct 
W = fI~^{0)/U{l) as a space, we simply drop 9 from the description. However, to construct 
the hyper-Kahler metric on W, we are supposed to identify the tangent space to W with the 
subspace of the tangent space to /i~^(0) that is orthogonal to the Killing vector field d/d9. 
We do this simply by setting d^ + ■:pfy^{dx + uj ■ dr) = 0. The resulting metric on W is 

={l + ^) + + X^) + ^ ■ drf , (2.36) 

and now we recognize W as the Taub-NUT manifold TN. 

As a bonus, we see that /i^^(O) is a circle bundle over TN. Going back to (12.351) . the 
part of the metric of fl~^{0) that involves the fiber coordinate 6 has the Kaluza-Klein form 
A{d9 + A)^, where A = r + A^ is a function on the base space TN, and A = ;^rj7^(dx + uj ■ dr) 
is locally a one-form on the base space. Globally, A is best understood as a connection on 
the f/(l) bundle /I~^(0) TN. On general grounds, its curvature form _B = dA is of type 
(1, 1) in each of the complex structures of the hyper-Kahler manifold TN, and hence (as TN 
is four-dimensional) it is anti-selfdual. Thus, we have accounted for the earlier formula (12. 3p . 
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2.5.1 The Multi-Centered Case 



Now we want to extend this to the multi-centered case. We begin with the flat metric on 
(^11^=1 ^ct) X M'^ X 5*^, which we describe by the obvious analog of f l2.33p : 

ds^ = J2 f-d?' + rM^a + ■ d^.?\ + dX^ + \^<ie\ (2.37) 

Here Fg- is the moment map for the action of ?7(l)o- on M^, and r„ = \r„\. The moment 
map for the t/(l)o- action on R'^ x 5^ is AX, and we add constants so that the moment 
map of the combined system is r„ + AX + x^j. We set the moment map to zero by setting 
—AX = r o- + and we write r for —AX. The metric on /2~^(0) comes out to be 

= \ Y1 rl- + 4 I d^'' + 5Z I? - ^-I(d^<. + ■ d?)' + A'd^'- (2-38) 

\ a ' ' J a 

(Here is evaluated at Fo- = r — Xo-.) 

To avoid complicated algebra, we organize the remaining steps as follows. The tangent 
space to TNk is the subspace of the tangent space to /U~^(0) that is orthogonal to the orbits 
of the group F . The condition for orthogonality gives 

|r-f<,|(d^^ + cj^-dr) + AM0 = O. (2.39) 

By these conditions, one can eliminate d^/'o- and dQ in favor of dx, where x is the invariant 
X = J2a V'cr ~ ^- This leads to the metric 



which describes the expected multi-Taub-NUT space TNk. 



2.5.2 Line Bundles 



The space /I~^(0), which is described explicitly in fl2.38p . is a flber bundle over TN^ = 
fI~^{0)/F with flber F = U{1)^. This flbration, moreover, comes with a natural connection, 
coming from the Riemannian connection on /2~^(0). So the construction automatically gives 
us a U{1)^ gauge fleld over TN^, or equivalently k independent U{1) gauge flelds TN^; 
equivalently, we get k complex line bundles TN^, a = 1, . . . ,k. Each of these has 

a curvature that is of type (1, 1) in each complex structure, and is therefore ant i- self dual. 
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This gives us the k i?-field modes that, as indicated at the end of section [2741 describe the 
duals to the angular positions of the k NS5-branes in the original description via branes on 
X S\ 

To describe these line bundles explicitly, we pick a particular value of a, say a = p, and 
we impose the equations fl2.39p for all other values of cr. This gives enough to eliminate 
the dipo-, cr = 1, . . . ,k, in favor of the invariants dx and dipp- We then get a metric on a 
five-manifold Mp that is a circle bundle over TN^, with ipp as the fiber coordinate. The 
metric on Mp turns out to be the sum of (12.401) plus 

with 

A^\r-,p\^i^±^^^in^^ (2.42) 
(l + A^E.^pl/|r-^.|) 

Dipp =di)p + Up ■ dr, Dx = dx + ^(^a- dr. 

cr 

We can also introduce conventional angular variables ipp = X = x/2, with periods 27r 

(recall footnotes [6] and [TOil . and rewrite (I2.4ip as 

4^ f DV^P - I -^1^-2^^ 1/1 ^) (2-43) 

V \r-Xp\{X 2 + EaV|r-x<,|)y 

with Dijjp = Dijjp/2, Dx = Dx/2- The U{1) connection associated with the circle bundle 
Mp TNk can thus be described by the connection 

Ap = fpDx+^Cjp-dr (2.44) 

where 



The curvature Bp = dAp of this connection is of type (1, 1) for each complex structure on 
TNk and hence is anti-selfdual. From the fact that the function fp vanishes for r approaching 
oo or Xo-, 0" 7^ p and equals —1 for r = Xp, it follows that if are the two-cycles introduced 
at the end of section 12. 4[ then 

1^ = Sp.- (2.46) 
27r 
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(In evaluating the integral, a factor of 27r comes from integrating over x-) Thus, comparing 
to the description of if^(TNk, Z) given in section [2.4. 11 Ci(£p) is associated with the sequence 

bi'^ = 6,^, a = l,...,k. (2.47) 



For k > 1, the line bundles Cp are topologically non-trivial, as their first Chern classes 
are nontrivial. However, the tensor product C^, = Ci tSi C2 <Si ■ ■ ■ <Si Ck is topologically trivial; 
by virtue of f l2.46p . its curvature B = 'Y^^B^j has a vanishing integral over each compact 
cycle Cfjfji. The line bundle C can be represented by the connection form X^o-^o-- A short 
computation shows that after adding the exact form dx, we can take the connection form of 

to be 

A = ^.^^^ , ■ (2.48) 

A is actually a globally defined one-form (the singularities at r = Xo- are only apparent), 
so we can multiply A by an arbitrary real number t to get another one-form A^ = tA. We 
denote as a trivial complex line bundle with connection form Af . The circle at infinity 
in the Taub-NUT space TN^ is parametrized by x; the integral of A^ over this circle is 27rt. 
So the holonomy of over the circle at infinity is exp(27rit). 

On the other hand, the connection forms Ap vanish at infinity, so the line bundles 
have trivial holonomy at infinity. 

A general unitary line bundle T TNk with anti-selfdual curvature is of the form 

T = Cl® , (2.49) 

where t is real and the n„ are integers. The holonomy of this line bundle over the circle at 
infinity is exp{27rit). Its first Chern class is associated with the sequence {ni,n2, . . . ,nk). 
The representation fl2.49p is not unique, as one may add 1 to t and subtract 1 from each n^r. 

For future reference, let us summarize the construction of the Cp. First we divide W 
by the group Q^, of continuous gauge transformations. Then, imposing fl2.39p for a 7^ p, we 
divide by Yla^p^i^)'^- '^^^ effect is to divide W by the subgroup of Q consisting of 
gauge transformations that are continuous at yp. This subgroup, which we will call Q'^, is of 
CO dimension 1 in ^ and fits in an exact sequence 

l^gp ^U{1) ^1. (2.50) 

The map Q ^ U{1) maps a gauge transformation g{y) to the discontinuity Up aXy = yp. By 
dividing W by the codimension 1 subgroup Q^, we have obtained a U{1) bundle W jQ^ — > 
TNk. Cp is the associated complex line bundle {W/Q^ x C)/[/(l), where U{1) acts in the 
natural way on C. A completely equivalent way to define Cp is to divide by the action of Q 
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not on W but on W x C, with the usual Q action on W, and the action of ^ on C chosen so 
that a gauge transformation g{y) acts by multiphcation by 

u, = g-{y,)-'g+{y,), (2.51) 

ensuring that Q'' G Q acts trivially. Since Q'' acts trivially on C, we have (W x C)/Q = 
{W/gp X C)/t/(l). 

2.5.3 ALE Limit 

The space TN^ looks near infinity like a circle bundle over R'^. The fiber 5*^ has radius A, 
according to the metric (12.401) . For A — >■ cxd, the ALF space TN^ becomes an ALE space that 
is asymptotic at infinity to M^/Z^. It is a hyper-Kahler resolution of the A^-i singularity, 
as first described in [1]. The metric on the ALE space is obtained by just dropping the 1/A^ 
term in fl215l) . 

The ALE space is simply-connected (like its ALF precursor), but at infinity it has a 
fundamental group Z^. Consequently, a line bundle that is flat at infinity can have a global 
monodromy at infinity, which must be a k*^ root of 1. The monodromy of the line bundles 
Cp is easily determined. After setting A = oo, the connection form Ap of eqn. (12.441) 
is asymptotic for r — > oo to —k'^J^x- The holonomy of the line bundle Cp is therefore 
exp(— 27ri/A;), independent of p. 

The tensor product = ®^^iCa- therefore has trivial monodromy at infinity. This is 
also clear from eqn. (12.481) : the connection form A vanishes uniformly for A oo. 

The fiber in the asymptotic fibration TNk is dual to the circle in the original 

description via NS5-branes on M'^ x 5*^. So the ALE limit that we have just analyzed arises 
when the radius of the original circle goes to zero. 

In the limit A — > oo, the construction of TNk as a finite-dimensional hyper-Kahler quo- 
tient simplifies slightly. From the starting point {E^)^ x (M^ x S^), one can omit the factor of 

X S^, while also restricting the gauge group from F = [/(l)*^ to its subgroup F' = U{1)^~^ 
that acts trivially on x S^. This truncation is valid for A oo because in this limit, the 
hyper-Kahler quotient by the "extra" U{1) (in a decomposition F = F' x U{1)) serves just 
to eliminate the factor x 5*^. The truncated theory is simply the familiar [1] construction 
of the ALE space as a finite-dimensional hyper-Kahler quotient. 
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2.5.4 Other Examples 



In [4], several other examples are given of complete hyper-Kahler metrics that can be con- 
structed as hyper-Kahler quotients of fiat spaces. We will here briefly mention how these 
may be treated along lines similar to the foregoing. 

One example is the Lee- Weinberg- Yee metric [22,23]. It is a moduli space of solutions of 
the Bogomolny equations on M^, and therefore [24] it is the moduli space of supersymmetric 
vacua of a D3-D5 system. Because only one D3-brane is required, the gauge group in Nahm's 
equations is U{1) and hence a treatment analogous to the above is possible. To get the LWY 
metric, we place D5-branes at points yo < yi < ■ ■ ■ < ym+i, with a single D3-brane supported 
on the interval / = [yo, ym+i]- This leads to Nahm's equations for f/(l) fields X, A interacting 
with charge 1 hypermultiplets H\ that are supported at the points yx, \ = 1, . . . ,m. (The 
hypermultiplets malce delta function contributions in Nahm's equations, as in eqn. ( 1A.3I) .) 
The resulting moduli space W is locally the product of the LWY metric with a copy of 
M.^ X S'^ that describes the center of mass motion of the monopoles. To construct W as a 
hyper-Kahler quotient, let W be the space of tuples {X , A, Hx), and Q the group of maps 
f/(l) such that g{yo) = g{ym+i) = 1. Then W = W/f/Q. To get instead a 
construction of ly by a finite-dimensional hyper-Kahler quotient, we let Q^, be the subgroup 
of Q characterized by the condition g{yx) = 1, A = 1, . . . ,m, so is a normal subgroup 
fitting in an exact sequence 

i^g.^g^ f/(i)™ ^ 1. (2.52) 

Then setting F = U{1)"^ and W4 = W///^, W can be constructed as a finite-dimensional 
hyper-Kahler quotient W = W^///F. Explicitly, one finds that = (M^)™ x (M^ x 3^"+^, 
and apart from an extra factor of x that is locally decoupled, this gives the construction 
in [4] of the LWY metric hyper-Kahler quotient. 

The Taubian-Calabi metric, also treated in [4], arises in the limit yi = ■ ■ ■ = ym- In 
this limit, all D5-branes are coincident, so there is a global U{m) symmetry. Also, as all 
D5-branes are at the same value of y, one can take Q^, to be of codimension one in Q, leading 
to a construction of the Taubian-Calabi metric as a hyper-Kahler quotient of a fiat space by 
a single U{1). 

As in these examples, a major simplification occurs whenever the gauge group in Nahm's 
equations is abelian. In [8], this fact is used to explicitly analyze the one-instanton solution 
in SU{2) gauge theory on TNk. 
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3 Instantons On A Taub-NUT Space 



3.1 Overview 

The construction that we have analyzed in section [2] is really a special case of a more general 
brane construction [8] of instantons on TN^. In effect, we have been studying the special 
case of instantons of zero rank and second Chern class equal to 1. An instanton with this 
property is a point instanton, represented by an EO-brane supported at a point in TNk. The 
moduli space of such EO-branes, which is isomorphic to TNk itself, is precisely what we have 
been studying, in a T-dual formulation. 

To describe more general instantons on TN^, one simply incorporates additional branes 
in a supersymmetric fashion. In the Type IIB language in terms of branes on 

M = R3 X 5^ X M| X R|, (3.1) 

so far we have considered NS5-branes wrapped on M'^ x M.'l (and localized in 5*^ x M'^), 
along with a probe D3-brane wrapped on x 5*^. Without breaking supersymmetry, it is 
possible to also include D5-branes wrapped on R^ x R^ (and localized in the other factors), 
and additional D3-branes wrapped on R'^ x S*^. (This is a familiar supersymmetric brane 
configuration [25,26], frequently studied in a limit in which the 5*^ is decompactified and 
replaced by R.) This also has one very important further refinement: instead of R'^ x 5^, 
the support of a D3-brane might be R^ x J, where / is an interval in S^, bounded by two 
fivebranes. We will call a general configuration of this kind an NS5-D5-D3 configuration. 

Regardless of the details of such a configuration, what happens to it when we perform 
T-duality along The T-dual geometry depends on the positions of the NS5-branes but 
not of the D-branes; the reason for this is that T-duality can be performed in the limit of 
weak string coupling, where the effects of any finite set of D-branes are infinitesimal. So the 
T-dual geometry is simply the one that we have explored in section [2l the T-dual of Zk, 
that is of 5*^ x R'^ with k embedded NS5-branes, is the multi- Taub-NUT space TNk. 

T-duality maps the D5-branes and D3-branes to other D-branes. In particular, the T- 
dual of a D5-brane is a D6-brane wrapped on R^ x TNk. If there are p D5-branes, we get p 
D6-branes supporting a U{p) gauge symmetry. 

In section [21 the T-dual of a D3-brane on M.^ x was a D2-brane wrapped on R^ and 
supported at a point q G TNk. However, once we introduce D5-branes, so that the T-dual 
description has D6-branes that fill R^ x TNk, a D2-brane on R'^ x g can dissolve into an 
instanton on TNk. 

Superficially, it seems that the instanton number may be simply the number of D3-branes 
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in the original description via Type IIB theory on M. This is actually correct if one considers 
only "complete" D3-branes that wrap all the way around the 5^, rather than "fractional" 
D3-branes that are suspended between two fivebranes. The topological description becomes 
more complicated when there are fractional D3-branes, since the instanton bundle may have 
a first Chern class. The topology allows this, as explained in section I2.4.1[ One of the main 
reasons for re-examining in this section the brane construction of instantons on TN^ is to 
compute the first Chern class of the instanton bundle. 

We begin in section 13.21 with the simplest case that there are D5-branes (as well as NS5- 
branes) but no D3-branes. Roughly speaking, each D5-brane has for its T-dual a D6-brane 
that supports a Chan-Paton line bundle. (A somewhat more precise statement depends on 
the i?- field, as described in section 13.21 ) The line bundle depends on the position of the 
D5-brane. 

The Chan-Paton line bundle supported on the T-dual to any given D5-brane is flat at 
infinity on TN^, and has anti-selfdual curvature everywhere by supersymmetry. Hence, this 
line bundle is one of the line bundles described in section 12.5.21 In section 13. 2[ we determine 
precisely which line bundle over TNk is associated with any given D5-brane. In particular, 
we determine both the first Chern class and the asymptotic monodromy of this line bundle. 
This then automatically determines the Chern classes and asymptotic monodromy of the 
vector bundle - a direct sum of line bundles - associated to any collection of D5-branes, as 
long as there are no D3-branes. 

Incorporating D3- branes does not change the monodromy at infinity, since the D3-branes 
are localized on M^. However, the inclusion of D3-branes does change the first Chern class. 

jC _____ 

Analyzing this is the goal of section 13. 3[ This analysis is based on the ability to reduce any 
configuration to a more convenient one, without changing the topology, by moving fivebranes 
along in a judicious fashion. 

Finally, we conclude in section 13.41 by considering the ALE limit in which the radius of 
the circle in (13.1 p goes to zero, and therefore the radius of the dual circle in the asymptotic 
Taub-NUT fibration TN^ — > goes to infinity. In this limit, some of our results have a 
natural M-theory interpretation. 



3.1.1 D3-Brane Probe 

One obvious question is whether the description of instantons on TNk via branes on the dual 
geometry M of eqn. (13.11) is useful. 

There are actually two questions here. (1) Can one use this approach to exphcitly describe 
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the moduli space Ai of instantons on TN^? (2) Can one use it to describe the instanton 
bundles themselves? 

The second question may seem more basic, but it turns out that it is better to start with 
the first. The answer to that question is that A4 is the moduli space of supersymmetric 
vacuum states of the relevant NS5-D5-D3 brane configuration on M. Such vacua correspond 
to solutions of Nahm's equations along S^. One must solve Nahm's equations for the group 
U{n) where n is the number of D3-branes. (If some D3-branes end on fivebranes, n may 
jump as one moves around the circle.) Fivebranes correspond to defects, discontinuities, 
poles, and jumps in rank in the solution of Nahm's equations. These facts are used in [8]; 
the relevant facts about Nahm's equations are also reviewed in detail in [16]. 

In general, one cannot explicitly solve Nahm's equations, but the description of Ai via 
Nahm's equations is very powerful nonetheless. For example, one can effectively describe the 
space of solutions of Nahm's equations as a complex manifold in any of its complex structures 
(though it is difficult to find the hyper-Kahler metric). This fact is exploited in [8] to show 
that, as a complex manifold in any of its complex structures, the moduli space of instantons 
on TNk is independent of the radius of the circle at infinity (and of the monodromy at 
infinity) and coincides with the moduli space of instantons on a corresponding ALE space. 
For example, as a complex manifold, the moduli space of instantons on the basic Taub-NUT 
manifold TN coincides with the moduli space of instantons on M^. The reasoning is briefiy 
sketched in Appendix A. 

Now let us considei0 question (2). Let V — > TN^ be an instanton bundle. For q a point 
in TNk, we would like to find a natural way to use branes to extract Vg, the fiber of V at 
q. Moreover, the construction should have the property that as q varies, we can extract the 
connection on V. 

To do this, we let B be the brane on TNk associated to the instanton bundle V. Let B' 
be an EO-brane supported at the point q G TNk. Actually, in the string theory description, 
the supports of B and B' are x TNk and x q, respectively. Then the space of {B', B) 
string ground states i£l Eq^ and the instanton connection on E can be extracted from the 
natural connection on the space of {B' , B) string ground states, as q varies. 

To compute the space of {B\ B) strings, we use a T-dual description via branes on M. 
B corresponds to a supersymmetric vacuum of an NS5-D5-D3 system. This supersymmetric 
vacuum corresponds to a solution of Nahm's equations; we schematically denote this solution 
as <0>- Its rank depends on the chosen configuration. B' corresponds to a probe D3-brane, 
wrapped on x S*^, of the type that was extensively discussed in section [2l As in sections 

^^For a somewhat similar discussion in a more elaborate context, see [27]. 

^^More precisely, this space is the zero momentum part of a hypermultiplet that is the tensor product with 
Eq of a standard hypermultiplet. In topological string theory on TNk, one would get just Eq. 
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12.31 and [2. 4[ the point q G TN^ corresponds to a supersymmetric state of the probe D3-brane 
which can be described by a rank 1 solution of Nahm's equations. We schematically denote 
this solution as -k. 

The direct (or disjoint) sum of branes B' ® B can be represented then by a reducible 
solution of Nahm's equations, schematically of the form 

(; I) • (-) 

Now to describe the space of B) strings, we consider solutions of Nahm's equations in 
which the diagonal blocks are kept fixed but the lower left block is allowed to vary. Thus, 
the space of {B' , B) strings is the space of solutions of Nahm's equations of the form 

(I . (-) 

where only the block A is allowed to vary. When we let the block -k vary (so as to vary the 
choice of a point q e TNk) keeping the block <0 fixed, the space of possible A's varies as 
the fiber of a vector bundle V — > TN^. The hyper-Kahler structure of the moduli space of 
solutions of Nahm's equations gives a connection on this fibration, and this is the instanton 
connection on V . 

Applied to instantons on M^, constructed from E0-E4 brane systems, the same argument 
shows that the usual ADHM description of the instanton bundles is a corollary of the ADHM 
description of the moduli spaces of instantons. 

Another application is as follows. As shown in [8] (and as sketched in Appendix A), the 
description by Nahm's equations implies that, when viewed as a complex symplectic manifold 
in any one complex structure, certain components of the moduli space of instantons on TN^ 
are independent of the radius of the circle at infinity and the monodromy around this circle. 
Let M. be such a component. Adding a probe D3-brane and applying the same reasoning 
to solutions of Nahm's equations of the form (13.31) . we deduce that if m is a point in A^, 
and V — >■ TNk is the corresponding instanton bundle, then, as a holomorphic vector bundle 
in any of the complex structures on TN^, V is independent of the radius of the circle (and 
the monodromy around the circle). As explained in [8], the hyper-Kahler metric on M. does 
depend on the radius of the circle; the same is certainly true for the instanton connection on 
V , since the self-duality condition depends on the metric of TNk. 



3.2 Line Bundles 

In the Type IIB spacetime 

M = R3 X X X Rj, (3.4) 
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we suppose that 5*^ has radius R, and we parametrize it by a variable y, < y < 27[R. 
We suppose that there are k NS5-branes locahzed at points y„ x x„ E x M^. And we 
include a D5-brane localized a.t y = s (times the origin in M^). For supersymmetry, we take 
the Chan-Paton line bundle of this D5-brane to be trivial. The T-dual of this D5-brane will 
be a D6-brane supported on M.^ x TN^ (times the origin in M^). Roughly speaking, this 
D6-brane is endowed with a Chan-Paton line bundle, and we want to know which one; that 
is, we want to find the map s TZs from a D5-brane position to a line bundle TZs — >■ TNk. 

This formulation is oversimplified because of the role of the 5-field. A S-field gauge 
transformation B 5+dA acts on the Chan-Paton gauge field A of a D-brane by A — A+A. 
Here A can be regarded as an abelian gauge field. Accordingly, a -B-field gauge transformation 
acts by tensoring the Chan-Paton bundle of any D-brane by a line bundle T (with connection 
A). Thus, under a 5-field gauge transformation, we have TZs T ® TZgi where T is 
independent of s. 

Hence the ratio of any two Chan-Paton line bundles of branes, say TZs®TZ~} , is invariant 
under B-field gauge transformation. But a S-field gauge transformation can be chosen to 
adjust TZs for any one chosen value of s in an arbitrary fashion. 

For our purposes, we will simply pick one value of s, say s = 0, and make a -B-field gauge 
transformation to trivialize TZs- Having done so, the s-dependence of TZs is well-defined, and 
we aim to compute it. 

At infinity on TNk, the curvature of TZs vanishes, for any s. This can be understood as 
follows. In the asymptotic fibration TNk the region at infinity in TNk lies over the 

region at infinity in M^. Here one is far from any NS5-brane (as those branes are localized 

in X). Asymptotically, the NS5-branes can be ignored. In the absence of any NS5-branes, 
we are just performing T-duality on the circle in M = x 5"^, and this maps a D5-brane on 
with trivial Chan-Paton bundle to a D6-brane on x with flat Chan-Paton bundle. 

We can carry this reasoning slightly farther to determine the monodromy at infinity of 
TZs- This is a standard problem [28], since the NS5-branes can be ignored; the monodromy 
on the D6-brane is dual to the position of the D5-brane and is exp(is/-R). (The monodromy 
is trivial for s = 0, since we made a 5- field gauge transformation to trivialize TZg for that 
value of s.) 

In addition to being flat at infinity, TZs has anti-selfdual curvature everywhere by super- 
symmetry. It therefore must have the form (I2.49p 

Us = cf-"" ® , (3.5) 

where we have determined the exponent of C^, from the monodromy at infinity, and the Ua 
are integers that remain to be determined. 
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Since TZg is trivial for s = 0, the n„ vanish if we set s = in fl3.5p . At first sight, one 
might think that, being integers, the would have to vanish for all s. This is fallacious, 
because the topological type of TZg can jump when s is equal to the position y^j of one of 
the NS5-branes. At that point, the D5-brane intersects an NS5-brane. If one wants to move 
a D5-brane past an NS5-brane with the physics varying smoothly, one must allow for the 
production of a D3-brane that connects the two fivebranes. (This fact played an important 
role in [26].) In the present discussion, we are considering fivebrane configurations that do 
not have any D3-branes, so the physics will jump when s crosses the value of one of the t/^'s. 

To verify that jumping must occur, we need only note that if TZg varies continuously with 
s, then fl3.5p implies that TZg transforms to TZg ® if s increases by 2'7iR. But actually, 
the definition of TZg makes clear that it is invariant under s ^ s + 27iR. Recalling that 
>C* = ®CT=i'^cr, there is a natural guess for a jumping behavior that will solve the problem: 
TZg must jump by 

7^, ^ 7^, ® c-^ (3.6) 

in crossing the point s = from left to right. If so, then since TZq is trivial, the general 
form of TZs is 

ns = C'/'''''®{(S).ls>y^C-'). (3.7) 

In other words, starting at s = and increasing s, we start with TZg = for small s, and 
then include a jumping factor whenever s crosses y^ for some a. 

3.2.1 Determination Of The Line Bundle 

Now we will explain some preliminaries that will help us see microscopically how the jumping 
comes about. 

As usual, we introduce a probe D3-brane wrapped on x S"^. It interacts with k NS5- 
branes that are supported a.t y = y^, cr = 1, k. Omitting for the moment the D5-brane, 
the problem of the D3-brane interacting with the k NS5-branes was treated in section 12.41 
Supersymmetric states of this system correspond to rank 1 solutions of Nahm's equations 
for data {X, A) interacting with hyper mult iplets H„ at the points y = y„. The fields and the 
gauge transformations to which they are subject are allowed a priori to be discontinuous at 
y = ycr- However, for rank 1, Nahm's equations ultimately imply that X is continuous. 

Let W be the moduli space of such solutions. W is defined as fI~^{0)/Q, where Q is the 
group of gauge transformations, and is a copy of TNk, as we verified in section I2.5.1[ As 
in section 12.41 we do not want to divide by constant gauge transformations, so we define Q 
to consist of gauge transformations that equal 1 at some chosen basepoint in S^. In what 
follows, it is convenient to take this to be the point s = such that TZg is trivial. (Otherwise, 
we get an alternative description that differs by a 5- field gauge transformation.) 
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Many codimension 1 normal subgroups of Q can be constructed as follows. We pick a 
point s G 5*^ and, if it is not one of the special points we define Qs to be the subgroup 
of gauge transformations such that g{s) = 1. If s is one of the special points ?/o-, we get 
two subgroups Qf, according to whether the limit of g{y) as y ^ s from the right or left is 
required to equal 1. The group Qs appears in an exact sequence 

l^Gs^G ^U{1)^1, (3.8) 

where the map ^ — > f/(l) maps a gauge transformation g{y) to its value g{s) (or its limiting 
value on the left or right if s is a special point). 

Now instead of dividing /I~^(0) by Q to get W, we can divide /i~^(0) by Qg to get a space 
Ws whose dimension is 1 greater. After dividing by Qg, we can still divide by the quotient 
group f/(l), giving W = >V,/f/(l). So Ws is a U{1) bundle over W. 

We write Us for the associated complex line bundle (that is, Ug = (W^ x C)/f/(l), with 
standard action of U{1) on C). An equivalent definition of Us is the following. The group Q 
has an action on C defined by evaluating a gauge transformation g{y) at s and then letting 
it act on C in the usual way. We call this the action by evaluation at s. Now start with the 
product /2~^(0) X C, and divide by Q acting in the usual way on /i~^(0), and acting on C 
by evaluation at s. The quotient is a complex line bundle over W that is none other than 
Us, since, as Qs acts trivially on C, we have (/2"^(0) x C)/Q = {fl^^{0)/Qs x C)/t/(l) = 

(Ws X c)Mi). 

If s is one of the special points yp, then we write g^{s) and g~{s) for the limiting values 
of g{y) as ?/ — > s from right or left. Letting g{y) act on C via g^{yp) or g~{yp), we get two 
different lines bundles U^. 

In section I2.5.2[ we made a variant of this construction to define line bundles Cp —>■ W 
(see the last paragraph of section [2. 5. 2p . Instead of Qs, we used the codimension 1 subgroup 
QP. The action of g{y) on C was multiplication by g' {y p)^^ g^ {y p) ■ 

Comparing the last two paragraphs, we see that the relation between Cp and is 

Cp = U;®{U;)-\ (3.9) 

Since is just the limit of Us as s approaches yp from right or left, we conclude that Us 
behaves as Us ^ Us ® Cp when s crosses yp from left to right. Looking back at (13.61) . this 
suggests that the line bundle TZs associated with a D5-brane at ?/ = s is simply 

ns=U;\ (3.10) 

Once this statement is formulated, it is not difficult to see why it is true. We introduce 
a D5-brane located at y = s and endowed with a trivial Chan-Paton line bundle. The fiber 



31 



of TZg at a point z G W corresponding to a given D3-brane state is defined to be the space 
of D3-D5 string ground states. In M = x S'^ x M.% x ML the D3-brane and D5-brane 
intersect at x {s} (times a point in which depends on the D3-brane state, times the 
origin in M^). A D3-brane gauge transformation g{y) acts on the space of D3-D5 string 
ground states by multiphcation b}0 g{s)^^. Hence the space of D3-D5 string ground states 
corresponds to the fine bundle over W. 

Eqns. f l3.9p and (13.101) together imply that (13. 7p gives the correct jumping behavior of 
TZs- We already know that (13.71) gives the monodromy at infinity correctly, so this is sufficient 
to justify IK7} . 

An interesting special case is that Us is trivial at the basepoint s = 0, just like TZg. In 
fact, since Q consists of gauge transformations g{y) that are trivial at the basepoint, the 
action of ^ on C by evaluation at the basepoint is trivial. This accounts for the triviality of 
Us for s = 0. 

The energetic reader may wish to explicitly construct the line bundles Ug ^ W . This 
can be done by explicitly dividing the space of solutions of Nahm's equations by the group 
of gauge transformations that are trivial dX y = s (as well as = 0), somewhat as in section 
I2.5.2[ we explicitly divided by gauge transformations that are continuous aX y = yp. 

A final comment (not needed in this paper) is that for some purposes it is useful to 
consider the dependence of Us on s. By a piecewise fine bundle on , we mean a collection 
of line bundles on the intervals ya ^ y ^ Va+i- A solution of Nahm's equations is a triple 
{X, A, H„), where A is a connection on a piecewise line bundle, and X obeys Nahm's equa- 
tions on each interval with boundary conditions set by H„. As s varies, the piecewise line 
bundles Us ^ W Rt together to a piecewise line bundle U ^ W x , while the other fields 
become appropriate objects on M x S"^. It is natural to call U a universal piecewise line 
bundle. "Universality" means that if we pick a point z & W and restrict U to {z} x S^, then 
U restricts to the piecewise line bundle of the solution of Nahm's equations corresponding to 
z. We call U "a" universal piecewise line bundle rather than "the" universal piecewise line 
bundle because it depends on the choice of a basepoint in the definition of the group Q. 

-"^^The exponent —1 results from the orientation of the string. On the space of D5-D3 string ground states, 
the action is by g{s). 
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3.3 First Chern Class Of An Instanton Bundle 



3.3.1 Overview 

Our next goal is to understand tlie topology of the instanton bundle on TN^ determined by 
a generic NS5-D5-D3 system. 

One important detail concerns what we mean by topology. In gauge theory, there is 
generally no way to interpolate from an instanton bundle V TN^ to V ^ S, where 5 is a 
non-trivial line bundle. However, in string theory, there is a -B-field, and in the presence of 
the i?-field one can smoothly interpolate from V to V ® S. (Letting Fg be the curvature of 
a connection on S, one considers the one-parameter family of 5- fields Bt = tF^, < t < 1. 
One continuously interpolates from t = to t = 1, and then one maps back from t = 1 back 
to t = by a 5-field gauge transformation that transforms V to V ^ S.) So there are two 
reasonable notions of topology and each is more relevant for some purposes. 

An important tool is the fact that by moving fivebranes in the direction, that is in 
the y direction, we can simplify a brane configuration without changing the topology. Two 
NS5-branes can be displaced in X so that they can be moved past each other in y without 
ever meeting. So there is no topological information in the ordering of NS5-branes in y. 
Similarly D5-branes can be displaced in Y and then reordered in y without meeting. So 
again, the ordering of the D5-branes in y contains no invariant information. 

This procedure will be used shortly to put brane configurations in a standard form, but it 
has a drawback. There is no problem moving NS5-branes past each other, since to construct 
TNk with generic metric parameters, the NS5-branes are located at generic points x„ G M^. 
But to construct instanton bundles on TNk, we place all D5-branes at the origin in M^, 
and moving them past each other by displacing them in ]R|. can break supersymmetry. So 
this is an operation that is useful for analyzing topology but possibly not for classifying the 
components of the moduli space of supersymmetric configurationso Indeed, components of 
super symmetric moduli space that cannot be put in the canonical form of section 13.3.31 have 
been studied in [8,10]. 

A different type of problem arises when a D5-brane is moved in y so as to cross an NS5- 
brane. They inevitably intersect, and a D3-brane connecting them appears or disappears [26]. 
So we cannot change the ordering of D5-branes relative to NS5-branes without changing the 
D3-brane configuration at the same time. 

^"^A related remark was explained by S. Cherkis, correcting a claim in an earlier version of this paper. 
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Figure 3: The horizontal direction in this and later figures represents S^, and the vertical direction 
symbolically represents the six-dimensions of x M^t. Horizontal solid lines represent D3-branes, 
vertical solid lines represent NS5-branes, and vertical dotted lines represent D5-branes. (a) An 
NS5-brane with r+ D3-branes ending on its right and r„ on its left. We set (5r = r-(_ — r_. (b) If 
there are additionally m D5-branes to the right of the given NS5-brane, then its linking number is 
i = 5r — m. In the figure, m = 2. 



3.3.2 Relative Linking Number 



An essential concept in analyzing what happens when branes of different types cross is the 
linking number of a fivebrane [26,31]. First we recall the definition in the case that is 
decompactified to M, so that there is a well-defined notion of whether one fivebrane is to the 
left or right of another. One contribution to the linking number of a fivebrane is the net 
number of D3-branes ending on the given fivebrane. This is defined as the number r_|_ of 
D3-branes to the right of the given fivebrane, minus the number r_ to its left (see fig. [3](a)). 
We set 5r = r_|_ — r_. 

The linking number of a fivebrane is defined as the sum of 5r plus a second contribution 
from fivebranes of the opposite typj^: 

^^In the past, definitions have been used that differ from what follows by inessential additive constants. 
For instance, in [31], the linking number of an NS5-brane is defined as the sum of 5r plus the number of 
D5-branes to its left. This differs from (1) below by a constant, the total number of D5-branes. The choice 
made here was suggested by D. Gaiotto. 
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Figure 4: This is part of a larger picture, possibly with additional fivebranes to the left and the 
right of those that are drawn. Let i and i' be the linking numbers of the two NS5-branes on the 
leftmost and rightmost fivebrane in the picture. There is one D5-brane between them; it contributes 
— 1 to £ and to i' . Any additional D5-branes to the right of the picture contribute —1 to both 
i and So the difference Ai = i' — £ depends only on the branes that are depicted; its value is 
Ai = 1 + 6r' — dr, where 5r' = — and 5r = r2 — ri are the net numbers of D3-branes ending 
on the two D5-branes. 

(1) The linking number i of an NS5-brane equals 6r minus the number of D5-branes to 
its right. (For example, see fig. [3]^b).) 

(2) The linking number i of a D5-brane equals the sum of 6r plus the number of NS5- 
branes to its left. 

The importance of the linking number is that it is unchanged when branes are reordered. 
If a D5-brane is moved past an NS5-brane, the number of NS5-branes to its left changes, 
but 6r changes in a way that compensates for this. 

When we compactify M to 5^, we must be more careful, since there is no invariant notion 
of "left" or "right." Here we simply take a pragmatic point of view. We cannot define 
the linking number of a single fivebrane, but there is no problem in comparing the linking 
numbers of consecutive fivebranes of the same type. Going back to fivebranes on M, consider 
two NS5-branes that are consecutive in y. Suppose that a net of 6r D3-branes end on the 
first (the one of smaller y) and 6r' on the second. And suppose that there are w D5-branes 
between the two NS5-branes (for an example with w = 1, see fig. Hj). Then, irrespective 
of any other D5-branes that are to the left or the right of both NS5-branes, the difference 
between their linking numbers is 

i' -i = Sr' -5r + w. (3.11) 
Now if we are on S^, there is no natural way to define £' or i separately, but there is no 



35 



yi y2 y3 



Figure 5: After we remove from 5^ a point - called the basepoint - which does not coincide with 
the position of any fivebrane, the brane configuration can be mapped to M. (We have done this 
without discussion in all of the previous figures!) In this paper, we choose the basepoint to be just 
to the left of the lefftmost NS5-brane, so that when we map to M, the leftmost fivebrane is of NS 
type. We label the positions of the NS5-branes from left to right as y^, a = 1, . . . , k. 

problem with the definition (13. lip of the difference i' — i. Thus, we cannot define a natural 
integer-valued linking number for each fivebrane, but we can define a relative linking number 
for two consecutive fivebranes of the same kind. 

Labeling the consecutive NS5-branes on hy a = 1, . . . , k, we write Ai^^ for the differ- 
ence ia+i — ia- Clearly 

k 

^A4=P, (3.12) 

(7=1 

where p is the total number of D5-branes. Each D5-brane contributes to one term in the 
sum, and D3-brane contributions cancel out. This suggests that in some sense, as discussed 
further below, each NS5-brane linking number is well-defined mod p. 

Similarly, the difference of linking numbers for consecutive D5-branes is — £ = 6r' — 
6r + m, where m is the number of NS5-branes between the two D5-branes. This definition 
makes perfect sense on S^. So labeling the consecutive D5-branes on 5*^ by Ai, . . . , Ap, we 
define Aix to be the difference ix+i — ix- Now we have 

p _ 

J2^h = k, (3.13) 

A=l 

suggesting that in some sense each ix is well-defined mod k. 
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A way of approaching the hnking numbers that is less invariant but is convenient in 
practice is to simply pick a point yo on that does not coincide with the position of any 
fivebrane. The complement of yo is equivalent topologically to M, so once yo is chosen, we 
can make sense of whether a given Jivebrane is to the left or right of another. This enables 
us to define the individual and ix, not just their differences. Though not invariant, this 
approach is more convenient than one might think because we have already essentially had 
to pick a basepoint on in defining the line bundles TZg- We defined the TZs so that just 
one of them is trivial, namely for s = 0. We define the linking numbers using the same 
basepoint. We pick the basepoint (as in fig. [5]) just to the left of the first NS5-brane, so that 
that brane is the leftmost of all fivebranes of either type. 

The linking numbers change when the basepoint is moved across a fivebrane. Suppose 
that the basepoint crosses the a^^ NS5-brane. Then i„ changes by ±p, since all D5-branes 
go from being on the right of the given NS5-brane to being on its left. In the same process, 
all ix change by =f1. Conversely, if the basepoint moves across the A*'^ D5-brane, then ix 
changes by ±k and all i„ change by =Fl. 

If a fivebrane is moved clockwise all the way around the circle, it crosses from left to 
right all fivebranes of the opposite type. So its linking number changes by k in the case of a 
D5-brane, or by p for an NS5-brane. 



3.3.3 Reduction To Gauge Theory 



Next, following [31], we want to describe a convenient ordering of the fivebranes. First of 
all, we reorder the NS5-branes so that all relative linking numbers Ai are nonnegative as we 
move toward increasing y, or equivalently so that the linking numbers are nondecreasingl^ 

We rearrange the D5-branes as follows. First, moving them around the as mentioned 
at the end of section [3.3.2[ we put all their linking numbers in the range from 1 to k. Then we 
move each fivebrane of linking number i to the interval between the i^'^ and £+1*^^ NS5-branes. 
This in particular means that the linking numbers of D5-branes are also nondecreasing from 
left to right (and there are no D5-branes to the left of all NS5-branes, in accord with our 
choice of basepoint). 

At this stage, therefore, each D5-brane of linking number i has precisely i NS5-branes 
to its left. Consequently, the net number of D3-branes ending on any D5-brane is zero. 
Accordingly, D3-branes can be reconnected so as to end on NS5-branes only (as in fig. [6]). 

""^^In [31], this condition and the analogous one for D5-branes, which we impose momentarily, were regarded 
as constraints that lead to more straightforward infrared limits. Here, the same conditions simplify the 
analysis of the topology. 
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(a) 



Z/i 2/2 2/3 



rria- 

(b) I I 



Figure 6: (a) Fivebranes can be ordered so that D3-branes end on NS5-branes only. Here is such 
an arrangement, with three NS5-branes at positions i/a, a = 1,2, 3. (b) We write rio- for the number 
of D3-branes between the cr*'' and a + 1*^ NS5-brane, and rrio- for the number of D5-branes in that 
interval. So in this figure, for example, we have no- = 3 and mg- = 2. The difference in linking 
numbers beween the two NS5-branes in this figure is Ai = no— i + na+i — ^ria + ma- This is similar 
to the case r2 = of fig. HI 
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What we have gained this way is a canonical arrangement of branes in each topological 
class. For a reason mentioned in section 13.3.11 (displacing fivebranes to move them past 
each other may break supersymmetry), it does not give a classification of components of the 
supersymmetric moduli space, only a convenient way to study the topology of the instanton 
bundle associated to a brane configuration. 

We write no-, u = 1, . . . ,k for the number of D3-branes between the cr*'^ and a + 1*^ 
NS5-brane. (This number is well-defined, since no jumping occurs in crossing D5-branes. 
The number of D3-branes to the left, or equivalently to the right, of all fivebranes is denoted 
as rio or Uk.) We also write rricr for the number of D5-branes between the a^^ and a + l*'^ 
NS5-branes, that is, the number of D5-branes whose linking number is a. Then the formula 
(13. lip for Ai„ = — C becomes 

A4 = n^+i + n^-i - 2no + (3-14) 

(see fig. [6]). We have ordered the NS5- branes so that these numbers are all nonnegative. 

A collection of canonically arranged branes leads to a quiver gauge theory in 3 + 1 
dimensions, with impurities and discontinuities. The rio- D3-branes in the slab ?/o- < y < Va+i 
generate a U{no) gauge theory in this slab, with A/" = 4 supersymmetry. Each slab is 
isomorphic to x /g., where Jo- is the interval 2/o-+i]- The m„ D5-branes in the a^^ 
slab generate matter fields in the corresponding gauge theory. Each D5-brane is localized 
at some value of y, so its worldvolume intersects the slab in a three-dimensional subspace, 
a copy of M^. This subspace supports a hypermultiplet in the fundamental representation 
of Uijia). Finally, each boundary between two slabs, such as the one aX y = y^j, supports 
a bifundamental hypermultiplet, interacting with the U{na-i) gauge theory to the left and 
the Uijia) gauge theory to the right. 

What we have just described is a slightly exotic four- dimensional cousin of a three- 
dimensional quiver gauge theory. At low energies, it reduces to an ordinary three-dimensional 
quiver gauge theory. Indeed, at distances much greater than the width of gauge theory 
on X Jo- reduces to purely three-dimensional gauge theory on (the three-dimensional 
gauge coupling obeys 1/g1 = r^j/gf, where 5^4 is the four-dimensional gauge coupling). 
The low energy limit is a three-dimensional quiver gauge theory on what is usually called 
the Ak-i quiver. This quiver is a ring with k nodes, as in fig. [71 there is a U{n„) gauge 
group at the a*'* node. Each such group interacts with rria fiavors of fundamental matter 
(indicated in the adjacent square) and with bifundamental hypermultiplets associated with 
its links to the two neighboring nodes. 

This quiver gauge theory is more commonly used [2, 9] to describe instantons on an 
ALE space (the hyper-Kahler resolution of the Afc_i singularity), rather than on the ALF 
space TNk. However, the two spaces are topologically the same, and are holomorphically 
equivalent in any one complex structure, though their hyper-Kahler metrics are different. 
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Figure 7: A quiver of type A^-i (analogous to the Dynkin diagram of fig. [2|). A node of the quiver 
- that is a circle labeled by an integer n^^, a = 1, . . . , k ~ represents a U{na-) gauge theory that 
originates in one of the slabs, as described in the text. Hence the overall gauge group is 11^=1 U{na). 
The nodes are arranged in a ring (which originates in the 5^ of the brane configuration). Lines 
between neighboring nodes represent bifundamental hypermultiplets of U{nu) x U {ua+i), for various 
a. Finally, a square labeled by an integer ni^ represents rriu fundamental hypermultiplets of U{nu). 



(To prove this, recall that the ALF space reduces to ALE if we set A — > oo, as discussed in 
section [2. 5. 3[ From the point of view of any one complex structure, A is a Kahler parameter, 
which can be varied without changing the complex structure.) It has been shown [8] using 
Nahm's equations on 5*^ that the components of instanton moduli space on the ALF and ALE 
spaces that can be derived from canonical brane arrangements are related in the same way 
- equivalent in any one complex structure but with different hyper-Kahler metrics. This is 
reviewed in Appendix A. As we explained in section [3.1.11 the instanton bundles themselves 
have the same property. 

Our goal in this subsection is to compute the Chern classes of the instanton bundles 
corresponding to a given NS5-D5-D3 configuration. To this aim, in view of the observations 
in the last paragraph, we could simply borrow standard results [9] about the ALE case. We 
prefer, however, to proceed with an independent derivation. 



3.3.4 The Number Of D3-Branes 



By a "complete" D3-brane, we mean a D3-brane that stretches all the way around 5*^. By 
a "fractional" D3-brane, we mean one that connects two fivebranes. A complete D3-brane 
does not contribute to any linking numbers, but a fractional D3-brane does. 



40 



In the above construction, we have chosen to have all D3-branes end on NS5-branes, so 
there are k basic types of fractional D3-brane, connecting the successive NS5-branes. We 
will compute presently how the topology of an instanton bundle depends on the fractional 
D3-branes. However, one special case is immediate. A complete D3-brane can be moved far 
away from all fivebranes. Its T-dual is then a D2-brane, supported at a point in TN^. This 
represents a point instanton; it contributes 1 to the second Chern class and to the first 
Chern class. 

Adding a constant to all n^j, or subtracting such a constant, means adding or removing 
a complete D3-brane. So it shifts the second Chern class without changing the first Chern 
class. For specified first Chern class, there is a minimum possible instanton number in a 
supersymmetric configuration: the bound comes from requiring all rZo- to be nonnegative. 
(Negative tt-o- means that some D3-branes are replaced by anti-branes, breaking supersym- 
metry.) An Afc_i quiver with all n„ nonnegative has a Higgs branch if and only if all Ai„ 
are nonnegative [29] (when the Higgs branch exists, a generic point on it is smooth and 
corresponds to a smooth instanton connection on TN^). 

We have, of course, broken the symmetry between NS5-branes and D5-branes by requiring 
all D3-branes to end on NS5-branes. We can find a dual description by reversing the roles 
of the two types of brane. This leads to a "mirror" gauge theory associated with an Ap_i 
quiver and related to instantons on another ALF space TNp. 

It is shown in section 2.2 of [31] that, if all fivebrane linking numbers are nondecreasing, 
all n„ are nonnegative in one description if and only if they are nonnegative in the dual 
description. This analysis is made for the case that 5*^ is decompactified to M. However, 
since a complete D3-brane does not contribute to the linking numbers, the analysis can be 
made after removing some D3-branes so that the minimum value of is zero. At this 
point the brane configuration does not cover all of and can be embedded in M; hence the 
analysis in [31] apphes. 

3.3.5 The First Chern Class: D5-Brane Contribution 

We aim to describe the topology of the instanton bundle V TNk associated to a general 
NS5-D5-D3 configuration. Our main effort will be to determine the first Chern class ciiV). 

According to section [2.4.11 ci(V^), which takes values in if^(TNk,Z), can be represented 
by an integer- valued sequence {hfj\a = 1, . . . ,k}, modulo ^ b^ + b for some fixed integer b. 
We claim that ci{V) is associated with the sequence of NS5-brane linking numbers {£cr\<^ = 
l,...,fc}. 
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First let us check that this statement makes sense - that the hnking number sequence 
has just the right sort of indeterminacy. Suppose that we move the basepoint across a D5- 
brane. Then all NS5-brane linking numbers Co- change by ±1, an operation that does not 
affect the element of if^(TNk, determined by the linking number sequence. On the other 
hand, suppose that we move the basepoint across an NS5-brane. The linking number of this 
particular NS5-brane changes by ±p. Likewise, if an NS5-brane is moved all the way around 
the circle, its linking number changes by ±p. Either way, this corresponds to a topologically 
non-trivial 5-field gauge transformation, which acts on V hy V ^ V ® for some line 
bundle T. As V has rank p, its first Chern class transforms by ciiV) ciiV) +pci(T), 
consistent with the fact that the NS5-brane linking number sequence changes by a multiple 
of p. 

In our analysis, a choice of basepoint is used both to fix the 5-field gauge in defining V 
and to define the NS5-brane linking numbers. Having made these choices, we claim that the 
linking number sequence determines CiiV) exactly (not just mod p). We first establish this 
relation for the case that there are no D3-branes. D3-branes are included in section 13.3.61 

Suppose that there are p D5-branes located at y = s,, i = 1, . . . ,p. In this case, V is 
simply a direct sum of line bundles, V = (B^^iTZsi- Suppose that Si is located between the 
aj^ and aj^i NS5-brane. Then according to (13.71) . from a topological point of view (recalling 
that is topologically trivial) 

7^,,^ = (3.15) 

We also know from (I2.47P that ci{Cp) is associated to the sequence feS^'' = Spa- Combining 
these facts, the sequence associated to ciiTZsJ is 

= 'l'-^" (3.16) 

n ya> Si. 



The sequence associated to ci(V) = ^jCi(7?.s-) is therefore given by 

6. = 5^6«. (3.17) 

i 

The 0"*'' entry in this sequence is simply minus the number of D5-branes to the right of ya, 
since each such fivebrane contributes —1 to b^r, and others do not contribute. But this is 
precisely the contribution of the D5-branes to the linking number i^j. 



3.3.6 The D3-Brane Contribution 



Now we include D3-branes. A generic state of an NS5-D5-D3 system has D5-D3 strings 
turned on, and leads to a sheaf on TNk that is not simply a direct sum of contributions from 
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the D5-branes and the D3-branes. (Generically, if rig-, Afg. > 0, such a sheaf is a smooth 
instanton bundle.) However, to compute Chern classes, we can ignore the D5-D3 strings and 
treat the sheaf on TNk as a direct sum. 

Our goal is to compute the contribution of D3-branes to the first Chern class, and show 
that this contribution does not spoil the equality between the first Chern class and the linking 
number sequence. In the process, we will also learn how to compute the second Chern class. 

We denote as Br a fractional D3-brane that stretches between the r*'^ and r + 1^^ NS5- 
branes. It is T-dual to a sheaf Vr —>■ TNk; we want to determine the brane charges of this 
sheaf. 

In general, we map a brane B to cohomology by taking the Chern character of the 
corresponding sheaf V. The Chern character chV takes values in if°(TNk, Z) ©iJ^(TNk, Z) © 
if^(TNk, Q), where the three summands measure what we will call the E4- brane charge, E2- 
brane charge, and EO-brane charge!^ The rationale for the terminology is that the smallest 
possible dimension of the support of a brane in TNk carrying En-brane charge, for n = 0, 2, 4, 
is n. 

The sheaf TNk that corresponds to a fractional D3-brane Br is supported on a 

proper subspacecj of TNk, since Br is localized in X. Vr hence has vanishing E4-brane 
charge (equivalently, the zero- dimensional part cho(VT-) of its Chern character vanishes), so 
its Chern character is of the form ch(Vr) = © ch2(VT-) © ch4(VT-). Here ch2 and ch4 are the 
two-dimensional and four-dimensional parts of the Chern character, which can be expressed 
in terms of Chern classes Cj, z = 1, 2 by ch2 = Ci, ch4 = c^/2 — C2. Therefore an alternative 
expression of the brane charges of Vr is 



As in section [2.5.21 we must consider the action of i?-field gauge transformations on Vr. A 
S-field gauge transformation modifies the sheaf corresponding to any brane Bhj V ^ V^S, 
where 5 is a line bundle that is independent of B. This modifies the Chern character by 
ch(V) — > ch(V) exp(ci(5)). In the case of Vr, because cho(Vr) vanishes, ch2(Vr) is invariant 
under this operation, but ch4(Vr) is not. 

To compute ch(Vr), we will compute the "intersection number" of the brane Br with a D5- 
brane supported at y = s, which we call Bg. The intersection number is the supersymmetric 

^^The reason to call these brane charges E-brane charges (rather than D-brane charges) is to emphasize 
that for now we are considering branes in the TNk sigma model, rather than in the full ten-dimensional string 
theory. The EO-brane charge can be fractional, and so takes values in iJ'*(TNk, Q), rather than iJ^(TNk, Z). 

^^Intuitively, one suspects that the support would be the compact two-cycle Cr,T+i- Wc do not have a 
direct way to demonstrate this, but the determination below of the E2-brane charge supports this idea. 




(3.18) 
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index Tr (— 1)^ in the space of Bg — ground states. The index is one ii Ur < s < 
Vt+i, because in that case the branes Bg and Br have one positively oriented transverse 
point of intersection. And it is zero otherwise, since if s is outside the indicated range, 
there are no intersections at all. If yp < s < yp+i, the sheaf on TNk corresponding to 
Bg is the line bundle Cp, and according to the index theorem, the intersection number is 
Jrpj^^ yl(TNk)ch(7^7^)ch(Vr). (Because of the noncompactness of TN^, one should be careful 
in general in using such a formula, but in this case there is no problem as Vr has compact 
support.) We have ch(7l~^) = exp(— ci(7^s)). Also yl(TNk) = 1 + . . . where the omitted 
term is a four-dimensional class that can be dropped becuase Vr has no E4-brane charge. 
So the index formula reduces to J (ch4(Vr) — ci(7^s)ci(Vr)). This must equal the expected 
intersection number: 

j ch4(Vr) - J Cl(7^,)Cl(Vr) = Spr. (3.19) 

Here p is such that yp < s < yp+i- 

Let us first evaluate this formula for p = (which means that s < ?/i or s > p = is 
the same as p = k, since the NS5-brane labels (J^p,T are considered to be defined mod k). 
In this case, CiilZg) = 0, so 

j ch,iVr) = 5ro. (3.20) 

This determines the E4-brane charges of fractional D3-branes: it equals 1 for r = and 
otherwise vanishes. 



Now in (13.191) . / = Ci(Vr) is a cohomology class with compact support, while b = CiiTZg) 
is an unrestricted cohomology class. According to (12.301) . the pairing of such classes is 
obtained by the obvious inner product Y^^h^f^ of the sequences {h„\a = l,...,k} and 
{faW = 1, • • • , fc} representing them. As in fl3.16p . Ci(7^s) corresponds to the sequence 

1 — 1 if Vct < s , , 

b.= \^ ./\ (3.21) 
1^0 if yo- > s. 

Given this, we find to obey (13.191) that the sequence corresponding to ci(Vr) is 

cW = 5.,r-5,,r+i. (3.22) 
This determines the E2-brane charges of fractional D3-branes. 



From the definition of linking number, a fractional D3-brane of type Br, stretching be- 
tween the r*'' and r + 1^^ NS5-brane, contributes 1 to the linking number ir, —1 to ir+i, 
and to £„■ for other values of cr. But this is the same as the contribution of the same brane 
to the E2-brane charges in (I3.22p . In other words, the contribution of such a brane to the 
linking number sequence is precisely the same as its contribution to the sequence represent- 
ing the first Chern class. This is what we aimed to show: even after including fractional 
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D3-branes, the first Chern class of tfie slieaf over TN^ corresponding to a brane configuration 
is represented by tfie linking number sequence. 

Tlie formula f l3.22p for ch2(Vcr) is invariant under cyclic permutations of all NS5-branes. 
However, the formula f l3.20p for ch4(Vo-) lacks this symmetry. This is expected, because a 
-B-field gauge transformation, as noted above, can modify ch4(VT-) but not ch2(VT-). 

The results (13.221) and (13.201) confirm the expectation that a complete D3-brane con- 
tributes zero to the E2-brane charge and 1 to the E4-brane charge. Indeed, (13.221) vanishes 
if summed over r, while (I3.20p sums to 1. 



3.3.7 The EO-Brane Charge 

To compute ch.4{V), where V is the instanton bundle derived from a NS5-D5-D3 system, 
we must add to (I3.20p the D5 contribution. The Chern character of a line bundle C is 
ch(£) = exp(ci(£)), so we have / ch4(£) = | J^j^^ci(£)^. We have to be careful in using 
this formula, however, since TNk is not compact. The line bundles of interest are tensor 
products of line bundles Cp and studied in section I2.5.2j their connection forms are given 
in eqns. f lCTj) and flCTj) . 

If C = ^pCp'' with J2p^p = O5 then ci(£) is a cohomology class of compact support, 
represented by the sequence {np\p = 1, . . . , k}. In this case, we can compute J Ci(£)^ using 
(I230D, with the result / Ci{CY = Y^p^l- 

Now let us consider the opposite case of a topologically trivial line bundle £*. Here, the 
first Chern class vanishes in cohomology. However, the curvature form is F = dAt = tdA, 
where A is the globally-defined one-form fl2^ . So jr^^^ F A F/Ati"^ = kt^ Jg^^^ AdA/ Atc"^ = 
kt'^, where (9TNk, which is an bundle over S"^, is the "boundary" of TNk. We have used 
these facts: (i) J^i A = 2tt; (ii) dA is a pullback from S'^; (iii) J^a dA = 2TTk. 

For a line bundle C = {®^C^''), with Xlo-'^o- ~ 0' combine these facts and get 

f Ci{CY = ke + y^nl. (3.23) 

Finally, if ^^?^o- 7^ 0, we set n,, = n^- and n„ = n„ — n^:/k, and write formally C = 
^t+n,/k ^ ((g)^£ncT^^ Evcu though the rirj may not be integers, we can still use (I3.23p . with 
the result that 

/ ci{Cf = kf + 2tn, + V nl. (3.24) 
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One way to justify this use of (13.231) is to replace L with C} , using the fact that J Ci(£)^ = 
J Ci{C^Y/k'^. The last expression can be evaluated using (13.231) without running into frac- 
tional exponents. 

Finally, we apply this to the line bundle TZs associated with a D5-brane sX y = s, where 
Up < s < Up+i- According to (13. 5p . this is the case that t = s/2nR, and that the nonzero n^- 
are n^- = —1 for a < p. So we get 

/ ch4(7^,) = ]- f CiiTZsf = I {kf - 2tp + p) . (3.25) 

3.4 The Monodromy At Infinity And The ALE Limit 

We have interpreted the linking numbers i^j of NS5-branes in terms of the first Chern class 
of an instanton bundle over TN^. The question now arises of finding a similarly interesting 
interpretation of the linking numbers ix of D5-branes. 

One easy answer is that we could apply an ^-duality transformation that exchanges 
NS5-branes with D5-branes. This then gives a new configuration with p NS5-branes and k 
D5-branes. T-duality on will lead to U{k) instantons on TNp (rather than U{p) instantons 
on TNk, as studied so far). In this description, the first Chern class of the instanton bundle 
is given by the sequence {ix\X = I, . . . ,p}. From the point of a reduction to gauge theory on 
M.^ (recall section [3.3.3p . the two descriptions differ by three-dimensional mirror symmetry. 
Three-dimensional mirror symmetry was introduced in [30] and interpreted via S-duality of 
brane configurations in [25,26]. 

However, we would like to interpret the £x in terms of the "original" instanton bundle 
V TNk. After arranging the D5-branes as in section I3.3.3[ so that no D3-brane ends 
on a D5-brane, the linking numbers ix are determined by the D5-brane positions sx'- if 
Vp < Sx < yp + I then ix = P- 

The D5-brane positions have a simple interpretation in terms of the instanton bundle 
V. In section |372| we explained that the line bundle TZg has monodromy exp{is/R) over the 
circle at infinity {R is the radius of the original circle S^). The behavior at infinity is 
not affected by D3-branes, fractional or otherwise, as they are localized in X. Hence the 
monodromy at infinity of an instanton bundle, which we will denote as f/oo, can be read 
off from the positions of the D5-branes. If the D5-branes are located at positions Si, . . . ,Sp 
along S^, then 

Uoo = diag(exp(zsi/i?),exp(is2/-R), . . . ,exp(zsp/i?)). (3.26) 
This explains what the D5-brane positions mean in terms of the instanton bundle over 
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TNk- However, the linking numbers i\ contain less information than the D5-brane positions: 
they depend only on the positions of D5-branes relative to NS5-branes. There is a simple 
variant of what we have just said in which one sees only the l\. 

We simply take the limit i? — > (keeping fixed the angular positions of the fivebranes). 
In the limit, which was discussed in section [2.5.3[ the dual circle at infinity in TN^ decom- 
pactifies and the ALF space TN^ becomes an ALE space which is the resolution of an Afc_i 
singularity. In the ALE limit, the fundamental group at infinity is Z^, so all monodromies 
at infinity are of order k. As explained in section 12.5.31 in this limit the line bundles Cp all 
have monodromy at infinity equal to exp(— 27ri/A;). 

In the same limit, the line bundle TZs is where Up < s < Hp+i- This follows 

from (13.71) and the fact that the connection on C^^ is trivial in the ALE limit. Hence the 
monodromy at infinity of TZs is exp{27Tip/k). But a D5-brane located at ?/p < s < i/p^i has 
linking number p. So the linking number corresponds directly to the exponent of monodromy. 

More generally, if we are given any set of D5-branes with linking numbers ii, . . . ,£p, then 
the monodromy at infinity in the ALE limit is conjugate to 

Uoc = disig{exp{2mii/k),exp{2ml2/k), exp{27iiip/k)). (3.27) 

This result can be stated in another way. For a = 1, . . . ,k, let a^j^oo be the number of 
eigenvalues of Uoo that equal exp{2nia / k) . The D5-branes that contribute this eigenvalue of 
the monodromy are those with i = a, and since the number of those is m„, we have 

aa,oo = (3.28) 

We can use these results to clarify what sort of configurations on TNk can be represented 
by a canonical NS5-D5-D3 configuration in which D3-branes end on NS5-branes only. If 
the monodromy at infinity of an instanton bundle on TN^ is given, we read off from 03.261) 
what the positions of the D5-branes must be. The first Chern class of the instanton bundle 
determines the D5 linking numbers. If we want D3-branes to end on NS5-branes only, the 
ordering of the NS5-branes on S^, relative to the D5-branes, are determined by the D5 
linking numbers. This constrains the i?-field on TNk, since the 5-field is determined by the 
NS5-brane positions on S^. (We are still free to vary the positions of the NS5-branes in X, 
so we can vary the geometrical moduli of TN^.) A general choice of 5-field on TN^ forces 
us to arrrange the NS5-branes on in a more general fashion, so that D3-branes will end 
on D5-branes as well as NS5-branes. A configuration of this more general type has a less 
simple description in gauge theory on x S"^, as explained in [16]. 

First Chern Class At Infinity 
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A similar interpretation of the l\ can be given without taking the ALE hmit. An instanton 
bundle V — > TN^ associated to an NS5-D5-D3 configuration (in which D3-branes end on 
NS5-branes only) is generically not a simple sum of line bundles. But near infinity, it always 
naturally decomposes as a direct sum of line bundles corresponding to the D5-brane 
positions Sa- The region near infinity in TNk is homotopic to ^V^fc, and H^{S^/Zk, Z) = Z^. 
So when restricted to the region near infinity, each Cg.^ has a first Chern class valued in Z^,. 
This is equal precisely to its linking number i\. This statement is equivalent to the previous 
statement in terms of holonomy at infinity in the ALE limit, since in that limit, the Cg^ 
become fiat, and a fiat line bundle over S^/Zk with holonomy exp[27fir/k) has first Chern 
class r. 



3.4.1 NS5-Brane Linking Numbers And Monodromy 

So far, we have interpreted the NS5-brane linking numbers in terms of the first Chern 
class and the D5-brane linking numbers in terms of monodromy at infinity in the ALE 
limit. However, it is also possible to interpret the NS5-brane linking numbers in terms of 
monodromy, in a certain limit. 

The space TNk develops an Ak-i singularity, looking locally like R^/Z^, when all NS5- 
branes are at the same location in ]R|. (t hough possibly at different points in S^), or in other 
words when the parameters x„ in fl2.15p are all equal. This singularity develops even before 
taking the ALE limit A oo, and for the moment, we do not consider that limit. 

In general, how does one define gauge theory in the presence of a singularity of the form 
M'^/Zfc? It is defined as Z^-invariant gauge theory on the covering space M^. However, there 
is some freedom in picking the action of Z^. In general, we pick an element Uq of the gauge 
group G, such that Uq = 1, and we consider gauge fields on R'^ that are invariant under 
the action of Z^ on R^ together with a gauge transformation Uq. We can think of Uo as the 
monodromy around a small circle at the origin. In the present context, the gauge group is 
G = U{p), with p the number of D5-branes, so Uo has p eigenvalues which are all k*^^ roots 
of unity. 

Let us write Op^o ioi the number of eigenvalues of Uq that equal exp{2mp/k). Standard 
results about quiver gauge theories [9] can be used to show that Op^o is equal to the relative 
linking number Aip = ip+i — £p, or equivalently, according to eqn. (13.141) . 

flp.o = rip+i + Up^i - 2np + rUp. (3.29) 

We postpone to Appendix B the general derivation of this result using quiver gauge 
theory. For now, we explain only the special case that there are no D3-branes, so that all Ur 



48 



vanish. In this case, the instanton bundle is simply a direct sum of line bundles TZs- Using 
the familiar result (13.71) describing these line bundles in terms of Cp and C^, we can compute 
the monodromy of TZs near the Ak-i singularity. According to ( ]2.44p . if we set all equal 
(to generate the singularity), then the connection form of the line bundle Cp behaves for 
r ^ Xo- as Ap — s> — dx//c + . . . , where the omitted terms are less singular. So the monodromy 
of Cp near the singularity is exp{—2iTi/k), independent of p. 

This is the same as the monodromy of Cp at infinity in the ALE limit A — oo. That fact 
has a simple explanation. If we take all equal and also take X ^ oo, then TNk reduces 
to R^/Zfc, as one can deduce from (12.151) . and according to (12.441) . Ap equals —dx/k exactly. 
The last formula implies that Cp is flat when TN^ = M^/Zj^, so it has the same monodromy 
at the singularity and at infinity. 

The monodromy at the singularity of C^: = is therefore trivial. Hence it follows 

from (13. 7p that the monodromy at the singularity of TZs is exp{2mp/k), where Up < s < Hp+i- 

Finally, taking a direct sum of line bundles TZg with different values of s, the number of 
eigenvalues exp(27rip/fc) of the monodromy at the singularity is equal to rUp, the number of 
D5-branes between i/p and yp+i. This verifies the claim (I3.29p for the case that there are no 
D3-branes. The general case is deferred to the appendix. 

Because a choice of gauge for the 5-field entered the definition of the line bundles Cp, 
the description (I3.29P depends on this choice of gauge, just as (I3.28P does. In the limit that 
TNk reduces to M^^/Z^, a change of gauge for the 5-field multiplies both Uq and Uoo by the 
same k^^ root of unity. 



3.4.2 Duality Of Young Diagrams 

We have used the nondecreasing sequence £±,£2, ■ ■ ■ ,ip of D5-brane linking numbers to de- 
termine a collection of A;*'^ roots of unity, which we interpret as eigenvalues of a f/(p)-valued 
monodromy at infinity in the ALE limit. The ix are integers that change by ±k when a 
D5-brane is transported around the circle. For the present discussion, it is convenient to 
add multiples of k so that they take values in the set {1, 2, 3, ... , k}. After doing this, we 
arrange the D5-branes so that the £x are nondecreasing. 

We have also used the sequence of linking number differences Aii, Ai2, • • • , of NS5- 
branes to determine another collection of k^^ roots of unity, which we interpret as a U{p)- 
valued monodromy near an Ak-i singularity. After adding suitable multiples of p, we consider 
the Aia- to be valued in the set {0, 1, ... ,p — 1}. 
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TOl 1712 TUz 




TO2 + m-s 
TOl + m2 + TO3 



Figure 8: (a) A configuration of three NS5-branes togetlier witli D5-branes. We have selected 
an example without D3-branes. (b) The D5-brane linking numbers can be arranged to make this 
Young diagram, by a recipe described in the text, (c) The NS5-brane linking numbers can be 
arranged to make this Young diagram. (When there are no D3-branes, we have Ai^- = rria, and 
the recipe described in the text gives the result shown here.) In general, the two Young diagrams 
are independent, but when there are no D3-branes, they are mapped to each other by a "flip" that 
exchanges the vertical and horizontal axes. 
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The sequences have different lengths and take values in different sets. But a sequence of 
either type exactly suffices to determine a conjugacy class in U{p) that is of order k. There 
must, therefore, be a direct map between sequences of the two types. The relevant map is a 
duality of Young diagrams that appeared for rather similar reasons (in comparing sequences 
of NS5-brane and D5-brane linking numbers) in section 3.3.2 of [31]. 

We arrange the D5-brane linking numbers into a Young diagram as follows. Given a 
nondecreasing sequence of p elements i\ of the set {1,2, . . . , k}, we arrange them from top 
to bottom as successive rows of a Young diagram, as in fig. Mjo). This Young diagram fits in 
a. p X k rectangle. (There are always p nonzero rows, so the height of the diagram is strictly 
p. The number of columns may be less than k if no i\ is equal to k.) 

Alternatively, we can make a Young diagram that fits in a /c x p rectangle by using the 
linking numbers of the NS5-branes. In doing this, we define the linking number of the first 
NS5-brane to be £i = (we recall the additive ambiguity in the linking numbers), and, 
recalling the definition Ai^j = £^^i — C we then have £2 = is = + ^^2, and in 
general = A£i + ■ ■ ■ + Ai^-i- Roughly speaking, we now want to make a Young diagram 
from the icr just as in the last paragraph we made a Young diagram from the i\. However, 
it turns out that the duality we are about to state is slightly more elegant if we include a 
minus sign in defining the Young diagram. (Alternatively, we could omit the minus sign 
in defining the Young diagram and include it in stating the duality.) Thus, we take the 
negatives of the £o-, add multiples of p to shift them into the range {1, 2, . . . ,p}, and then 
arrange them in nondecreasing order as the rows of a Young diagram. As Ai^- = p, we 
have —ia + p = Aifj + A£o-+i + • ■ ■ + Ai^, and these numbers are in the set {1, 2, . . . ,p\. 
Arranging these numbers in ascending order, the recipe is to form a Young diagram in which 
the first row is of length A^^, the second of length A£fc_i + A^^, and in general the (f^ row, 
for g = 1, . . . , /c, is of length A£fc-g+i + A£fc_q+2 + • ■ ■ + A£fc. This Young diagram fits in 
a. k X p rectangle. (Its fc*^ row is precisely of length p, so the width is precisely p, but the 
height is less than k if Ai^ = 0.) As in the fig. [H a "flip" that exchanges the horizontal and 
vertical axes maps a p x k rectangle to a k x p rectangle, and maps a Young diagram of one 
type to a Young diagram of the other type. 

In general, the Young diagram obtained from the ix^s encodes the monodromy at infinity 
in the ALE limit, while the flipped version of the Young diagram obtained from the A^^-'s 
encodes, in a suitable limit, the monodromy at an Afc_i singularity. If there are no D3-branes, 
then the two monodromies are equal, as we learned in section 13.4. 1[ That one diagram is 
equivalent to the flipped version of the other, when there are no D3-branes, is illustrated in 
the flgure. 

When D3-branes are present, the two Young diagrams are almost independent. The only 
relation between them is that they have the same number of boxes, consistent with the fact 
that the U{1) bundle det V must have the same holonomy at the origin as at inflnity. 
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3.4.3 Af-Theory Interpretation 



We began our analysis in section 12.31 with an NS5-D5-D3 configuration in Type IIB super- 
string theory on M = M.^ x x x M^. The paper has been based on the equivalence 
of this, by T-duality on S^, to a D2-D6 configuration in Type IIA superstring theory on 
M.^ X TNk X M^. There are p D6-branes, wrapped on x TNk- In one branch of the moduli 
space of vacua, the D2-branes dissolve into instantons on TN^. 

This configuration has a more symmetrical description based on a lift to M-theory. For 
any seven-manifold A^7, Type IIA on N-j x with a D6-brane wrapped on N7 lifts to M- 
theory on Nj x TN [32]. With p wrapped D6-branes, the lift is to M-theory on N-j x TNp. In 
our case, A^7 = M'^ x TNk, so the model that we have been studying is equivalent to M-theory 
on X TNk X TNp. In this M-theory interpretation, the D2-branes turn into M2-branes. 

At a generic point in the supersymmetric moduli space of the system, TNk and TNp 
are smooth, and the M2-brane charge is carried by M2-branes and by the flux G = dC of 
the three-form field C. However, either or both of TNk or TNp may develop an orbifold 
singularity!^ An Ap„i singularity of TNp leads to an SU (p) gauge symmetry on x TNk, 
which is enhanced to U{p) by the effects of the C-field. Conversely, an Afc_i singularity of 
TNk leads to an SU{k) gauge symmetry on x TNp, enhanced to U{k) by the C-field. In 
either case, the relevant modes with G-fiux collapse at the singularity, but instantons appear 
that can carry the M2-brane charge. 

A particularly interesting case is that we vary the moduli so that TNk reduces to M^/Z^ 
and TNp reduces to M.'^/Zp, giving us M-theory on x M'^/Z^ x M^/Zp. We refer to such 
an intersection of singularities as an Afc_i x Ap_i singularity. To specify an M-theory model 
associated with such a singularity, we must choose (a) the monodromy at infinity of the U{p) 
gauge fields on R^/Zk, (b) the monodromy at infinity of the U{k) gauge fields on R^/Zp, 
and (c) the M2-brane charge. The monodromies at the origin are not selected as part of the 
specification of the model, because they can change in a dynamical process, as we explain 
momentarily. We write Uoo and Uoo for the two monodromies at infinity. 

The process in which the monodromy at the origin changes is easily described from a 
field theory point of view. On R^, an instanton can shrink to a point, with the result that 
the instanton number (of the smooth part of the gauge field) changes by an integer. Letting 
Zfc or Zp act on R^ with an isolated fixed point at the origin, it is possible for instantons to 
shrink to the origin in a Z^ or Zp-invariant way, such that the change in instanton number is 

""^^In this paper, until the present point, we have considered the moduh of TNk, but not the nioduh of 
TNp. In the Type IIB description, those correspond to the positions of the D5-branes in Y. They have been 
set to zero throughout our analysis, which means from the A/-theory point of view that we have been sitting 
on the Ap_i singularity. 
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not divisible by k or p. Such a process can be interpreted on the quotient M^/Z^, or M^/Zp as 
the collapse to the origin of a fractional number of instantons; in this process the monodromy 
around the singularity changes@ 

The map from Type IIB data to M-theory data is clear from the results that we have 
described. The monodromy at infinity on W^/Zj. is determined by the D5-brane linking 
numbers. Similarly, the monodromy at infinity on M^/Zp is determined by the NS5-brane 
linking numbers. Finally, in a branch of vacua in which all M2-brane charge is carried 
by instantons on TNk, the M2-brane charge corresponds in our analysis to ch4(\/) and was 
computed in sections 13.3.61 1313171 In general, one must sum the contributions from instantons 
on one side or the other plus free M2-branes. 

So we know what the models are. Now we would like to understand how they behave. In 
any component of the moduli space of vacua of an M-theory model on x M^/Z^ x M^/Zp, 
the M2-brane charge is carried by a mixture of different components: free M2-branes and 
instantons on one branch or the other. Let us examine the possible branches more precisely. 

From a low energy field theory point of view, to define instantons on M^/Z^ requires 
specifying a monodromy at the origin, which we call Uo- Similarly, to define instantons 
on M^/Zp requires specifying a second monodromy at the origin, which we call Uq. In low 
energy field theory, in addition to these two local monodromies, one can also label the 
Afc_i X Ap_i singularity by the M2-brane charge that is supported at the intersection of the 
two singularities. However, low energy field theory is not powerful enough to tell us what 
values these invariants can have. For this, we require some input from M-theory. 

If we are given an allowed set of invariants, corresponding to an M-theory state that 
looks like an Ak-i x Ap_i singularity from a field theory point of view, we can always make 
new M-theory singularities, with greater M2-brane charge and possibly with different Uq 
or Uq, by letting M2-branes approach the singularity or by letting instantons or fractional 
instantons shrink on one side or the other. Any Ak_i x Ap_i singularity that is generated 
in this way from some other Afc_i x Ap_i singularity will necessarily have moduli - namely 
the moduli of the M2-branes or instantons. It also has a greater M2-brane charge than the 
singularity we started with. 

Low energy field theory is thus powerful enough to predict the existence of infinitely 
many possible A^-i x Ap_i singularities in M-theory, given the existence of any one such 
singularity. But the existence or nature of "irreducible" M-theory singularities that cannot 

^°The most basic case arises if we consider a one-instanton solution on M"', centered at the origin. Such a 
solution is automatically or Zp invariant, and when it shrinks to a point, the instanton number on M"* is 
reduced by 1, and the instanton number on K'^/Zfe or K^'/Zp is reduced by 1/fc or 1/p. In such a process, 
which we call the shrinking of fractional instantons, the Chern-Simons invariant of the monodromy around 
the singularity changes by an amount equal mod 1 to minus the change in the instanton number. 
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be obtained in this way from more primitive ones is beyond the reach of low energy field 
theory. It is reasonable to expect that the irreducible singularities are precisely the rigid 
ones, that is, the ones without moduli. 

From the relation to an NS5-D5-D3 configuration in Type IIB, we can easily identify the 
irreducible Afc_i x Ap_i singularities in M-theory. We put any NS5-D5-D3 configuration in 
the form of section 13.3.31 arranging the branes so that D3-branes, if any, end on NS5-branes 
only. In this form, the condition that there are no moduli is simply that there are no D3- 
branes. D3-branes (whether full or fractional) are free to move in the X direction, a process 
dual in M-theory to moving full or fractional instantons away from the singularity on M^/Z^. 

So the irreducible M-theory singularities correspond to arrangements of NS5- and D5- 
branes on a circle, with no D3-branes. The linking numbers l\ of the D5-branes can be 
specified at will; this determines how to arrange the branes, up to isomorphism, so the 
linking numbers 1^ of the NS5-branes are then uniquely determined. Conversely, we may 
specify the arbitrarily and then the C.\ are determined. The two sets of linking numbers 
are related by the duality of Young diagrams explained in section 13.4.21 

Thus, in M-theory, rigid K^-i x Ap_i singularities can be classified either by the mon- 
odromy Uq around the Afc_i singularity or by the monodromy Uq around the Ap_i singularity. 
Either one of these monodromies determines the other. 

From the Type IIB point of view, a i?-field gauge transformation can multiply Uq or Uq 
by a root of unity. This will correspond in M-theory to a C-field gauge transformation. 
There is undoubtedly more to say about the role of the C-field in this problem. 



I wish to thank S. Cherkis and G. Moore for careful reading of the manuscript and helpful 
comments. 



A Complex Structures And Nahm's Equations 

Here we will review the application [8] of Nahm's equations to instanton moduli spaces on 
TNk associated with canonical NS5-D5-D3 configurations (in which D3-branes end on NS5- 
branes only). The purpose is to show that, as a complex symplectic manifold in any one 
complex structure, the moduli space of instantons on TNk associated to such a configuration 
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is independent of the radius of the circle at infinity as well as the monodromy at infinity. 
As explained in section 13.1.11 the argument immediately extends to show that an instanton 
bundle V TNk, viewed as a holomorphic bundle in one of the complex structures of TNk, 
is independent of the same parameters. 

Nahm's equations for the pair {X, A) have been written in eqn. (12. 5p : 

f) X 

+ XxX = 0. (A.l) 

Dy 

The inclusion of an NS5-brane at, say, y = yo leads to a modification explained in eqn. 
(12. 6p : the fields {X,A) and the gauge transformations acting on them become possibly 
discontinuous at y = yo. Thus, locally there are separate gauge theories on the regions 
y < yo and y > yo- In general, the gauge group may be U{n^) for y < yo and U{n+) for 
y ^ yo- At y = yo, there is supported a bifundamental hypermultiplet, which transforms as 
(?T,_,n+) © (n_,n+) under U{n_) x f/(n+). (We denote the fundamental representation of 
U{n) and its dual as n and n; their extensions to representations of GL{n,C) are denoted 
below as n and n^.) If we are on a circle and there is only one NS5-brane, then the two 
gauge theories are connected by going around the circle and therefore n_ = Writing X~ 
and X+ for the limits of X as y — from the left or the right, X obeys boundary conditions 
that were written in eqn. (12.61) : 

X-{yo)=lI-, X+(|/o) = (A.2) 

Here fl~ and /!"'" are the hyper-Kahler moment maps for the actions of U{nJ) and U{n^) on 
the bifundamental hypermultiplet. 



In addition, we include D5-branes at points ?/ = sa, A = 1, . . . ,p, which we take to be 
distinct from yo- At each of these points, there is a fundamental hypermultiplet of f/(n), 
which arises from quantization of the D3-D5 strings. We write V\ for the moment map of 
the hypermultiplet that is supported ai y = sx. The D5-branes contribute source terms to 
Nahm's equations, which become 

DX ^ 

__ + X X X + 5^ 5(1/ - sa)z7a = 0. (A.3) 

^ A=l 



Instantons on TN^ correspond to solutions of Nahm's equations with the sources indicated 
in (1A.3P and the discontinuities described in (lA.2p . modulo gauge transformations. The 



eigenvalues of the monodromy at infinity are exp{isx/ R), according to eqn. (I3.26p . and the 
Chern classes of the instanton bundle are described in section 13. 3[ 

Let us first consider the case k = 1; thus, we study instantons on the basic Taub-NUT 
manifold TN. We choose yo = 0. Since the regions to the left and right of y = are 
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connected by going around the circle, we set n_|_ = n_ = n. We "unwrap" the circle to the 
interval I '■ < y < 2ttR. The boundary conditions become 

X{0) = -^+, X{27rR) = fl-. (A.4) 



Nahm's equations and the boundary conditions become much more tractable if we con- 
sider the moduli space A4 of its solutions not as a hyper-Kahler manifold, but only as a 
complex symplectic manifold in one of its complex structures. To do this, we introduce the 
complex fields X = Xi + 2X2, A = A — iX^, which are holomorphic in one of the complex 
structures. Ignoring the sources and boundary conditions for a moment, Nahm's equations 
reduce to a complex equation 

I^^O. P^A + K-l (A,5) 

together with a real equation. The complex equation is invariant under GL(n, C)-valued 
gauge transformations acting on X and A in the usual way. The real equation is, in effect, 
a gauge- fixing condition that reduces GL{n,C) gauge-invariance to the usual U{n) gauge- 
invariance. A standard argument shows that, to understand Ai as a complex symplectic 
manifold in the chosen complex structure, instead of imposing all of Nahm's equations and 
dividing by L'^(n)-valued gauge transformations, it is equivalent to impose only the complex 
Nahm equation and divide by GL{n, C)-valued gauge transformations. 

This alternative procedure leads to many simplifications. First of all, on the interval J, 
there is no gauge- invariant information in the gauge field A. So we can use GL{n, C)-valued 
gauge transformations to set ^ = 0. This condition is invariant under constant GL{n, C)- 
valued gauge transformations, which we consider later. With ^ = 0, the complex Nahm 
equation flA.Sp reduces to dX/dy = 0. 



In one of its complex structures, a hypermultiplet in the fundamental representation 
of U{n) is just a pair {B,C) transforming as n © under GL{n,C). A certain bilinear 
expression in B and G transforms in the adjoint representation of GL{n,C)] we write this 
expression simply as BG (in other words, we view i? as a column vector, and C as a row 
vector, so is an n X n square matrix). 

Now we want to include in the complex Nahm equations the delta function source terms 
that appear in flA.Sp . The hypermultiplet at y = sa is a pair {Bx,Gx) as above, and in our 
chosen complex structure, the complex moment map is simply BxG\. Nahm's equations, in 
the gauge .4 = 0, therefore take the form 

dX ^ 

— + Y.5{y-sx)BxGx = Q. (A.6) 

y A=l 
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We can solve this immediately, and learn that 

s 

X{2-kR) = X{0) - J2 B\Cx. (A.7) 

A=l 

The parameters s\ and R have disappeared, so it is already clear that, in any one complex 
structure, M. is independent of the radius and monodromy at infinity. 

An analogous simplification occurs for the boundary conditions. The bifundamental 
hypermultiplet of U{N) x U{N) that is supported at ?/ = is equivalent, in one complex 
structure, to a pair of x n matrices S", T, transforming respectively as (n, n^) and (n^,n). 
The complex moment maps are //^ = 'S'T, /ij = TS', and the boundary conditions ( 1A.2I) 
become 

X{Q) = ST, X{2tiR) = TS. (A.8) 

Combining (I A. 70 with the boundary conditions, we can eliminate X and get an equation for 
hypermultiplets only: 

p 

[T,5] + 5^5aCa = 0. (A.9) 

A=l 

As a complex manifold, the moduli space M. of instantons on TN with gauge group U{p) and 
instanton number n is the space of solutions of this equation modulo the action of GL{n, C). 

The equations flA.Qp have a simple interpretation. They are the ADHM equations for 
instantons on W^, adapted to one complex structure; consequently [8], in any one complex 
structure, instanton moduli space on TN is equivalent to instanton moduli space on W^. 
One might anticipate this result, because as a complex symplectic manifold in one complex 
structure, both TN and are equivalent to C^. Hence one might hope that instanton moduli 
space on both TN and would be equivalent to a moduli space of holomorphic bundles 
on C^. However, TN and R'* are not compact, and their metrics behave quite differently at 
infinity. It is therefore not so clear a priori in what sense instantons on TN or M^, understood 
as anti-selfdual Yang-Mills with square integrable curvature, are equivalent to holomorphic 
bundles on or to each other. (Bearing in mind that the definition of instantons on TN 
involves a choice of monodromy at infinity, this may seem even less clear.) Hence the simple 
comparison between instanton moduli spaces on TN and may come as a pleasant surprise. 
As explained in section I3.1.H the equivalence of instanton moduli spaces on TN and R^ also 
extends to an equivalence of the holomorphic bundles that correspond to the instantons. 

It may help to recall how the equations (1A.9P arise in the context of instantons on R^. U{p) 
instantons on R^ with instanton number n can be described by a system consisting of n EO- 
branes supported at a point in R^, and p E4-branes of world-volume R'^. The EO-EO strings 
are a hypermultiplet ifad in the adjoint representation of U{N), and the E0-E4 strings are 
p hypermultiplets H\, A = 1, . . . ,p in the fundamental representation. The hypermultiplets 
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parametrize a space ]R4n2+4np^ ^^^e hyper-Kahler quotient M^"^"'"'^"^///f/(n) is the moduli 
space A/" of supersymmetric states of this system, or in other words the moduh space of 
instantons on M^. This gives the ADHM construction of instanton moduh space on R^. To 
describe A/" as a complex manifold in one complex structure, one can replace the hyper- 
Kahler quotient by a complex symplectic quotient, in which one sets to zero a complex 
moment map and divides by GL{n,C). From the point of view of one complex structure, 
i^ad is a pair S, T of matrices in the adjoint representation of GL{n, C), the Hx correspond to 
pairs Bx, Cx in the fundamental representation and its dual, and the complex moment map 
is /ic = [T, S] + BxCx- Eqn. (1A.9I) is thus equivalent to /ic = 0, and when we impose 
this condition and divide by GL{n,C), we get the moduli space Af, viewed as a complex 
symplectic manifold in one complex structure. 

The foregoing can be adapted rather directly for canonical configurations with more 
than one NS5-brane related to instantons on a more general ALF space TN^. For this, we 
introduce NS5-branes at points y = y„, a = 1, . . . ,k. Between y„ and ya+i, we place n„ 
D3-branes. In that interval, we also place rria- D5-branes, supported at points s„^x, A = 
1, . . . ,m„. In each interval Jg- = [y„,y„+i], there is a U{n„) gauge theory, interacting with 
hypermultiplets in the fundamental representation that are supported at the points y^^x and 
with bifundamentals of Uijic-i) x Uijia) and of Uijia-) x f/(no-+i) at the left and right ends 
of the intervals. The corresponding component M. of the moduli space of instantons on TNk 
is the space of solutions of Nahm's equations with delta function sources as in ( ]A.6I) and 
jumping conditions at y = yo- analogous to flA.4l) . To describe A4 as a complex manifold in 



one complex structure, we introduce complex fields X, A in each interval /g-. After going to 
the gauge ^ = 0, and replacing the fundamental hypermultiplet at s„^x by a pair B„x, C„x, 
the complex Nahm equation becomes 

— + y^6{y- s,^x)B,xC.x = 0, (A.IO) 

implying that 

X-{y„+^) - X+{y,) + J^B^xC.x = 0. (A.ll) 

A=l 

(The D5-brane positions have dropped out, so again Ai is independent of the asymptotic 
radius of the circle as well as the asymptotic monodromy.) The bifundamental hypermultiplet 
aXy = ya is equivalent to a pair of complex fields S'o-, To- transforming as (no— i, n^)©(no_i, "^o-) 
of GL(no_i) X G'L(no), and the jumping conditions that generalize (1A.2P become 



J21 



X+{a) = S^T^, X~{a) = T,S,. (A.12) 



"^^ It is also possible to add constants x„ to the moment maps, in which case the boundary conditions 
become X'^^a) = S^T^ + Xa^ X~ {a) = T^Sa + x^. The constants Xa become the moduli of TNk (in one 
complex structure), as in eqn. (|2.20|) . For brevity, we omit this in the text, meaning that we write all 
formulas for the case that TNk has an Afe_i singularity. 
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Together with flA.ll|) . the boundary conditions enable us to ehminate X to get 



rria- 

Ta+lSa+l — SaT^ + B^\Ca\ = 0. (A. 13) 

A=l 

The moduh space is obtained by solving these equations for cr = 1, . . . ,k and then 
dividing by HLi GL{n^). 

On the other hand, let M be the Higgs branch associated with the Afc-i quiver of fig. [3 
The gauge group of this quiver is H = Y[t=i ^i^er), and the matter fields are nia- fundamental 
hypermultiplets of each U{n„) group and the usual bifundamental hypermultiplets of U{n„) x 
U{n„^i). Let Z be the space parametrized by the hypermultiplets. N can be described as 
a hyper-Kahler manifold by taking the hyper-Kahler quotient Z///H. It can be described 
much more simply as a complex symplectic manifold in one complex structure by taking the 
complex symplectic quotient Z//H^, with = 11^=1 ^-^('^c) the complexification of H. 
Equations (lA.lSP are precisely the equations for vanishing of the complex moment map of 
the quiver, so we conclude that the moduli space of instantons on TNk is equivalent as 
a complex symplectic manifold to A/", the Higgs branch of the A^-i quiver. 

This quiver is usually studied [2,9] as a way to describe instantons on M^/Z^, or its 
hyper-Kahler resolution. So as a complex symplectic manifold, instanton moduli space on 
a space TN^ with an Afc_i singularity coincides with instanton moduli space on IR^/Z^. 
This equivalence persists when one deforms away the Ak-i singularity on each side; the 
deformation parameters on the TNk side (see footnote [2T|) map to the usual deformation 
parameters in the quiver description of instantons on a deformed M^/Z^. 

Let us recall how the quiver theory arises in studying instantons on M^/Z/j. One uses the 
fact that instantons on M^/Z^ are Z^-invariant instantons on M^; in turn, instantons on are 
described by the ADHM construction, or equivalently, as explained above, by a configuration 
of n EO-branes and p E4-branes. To go to M^/Z^, first we pick an action of Z^ on such 
that the generator 1 of Z^ acts on = as w = diag(a;, cu""'^), with u = exp(27rz//c). We 
also pick a Z^ action on the Chan-Paton space V = of the EO-branes, generated by an 
element g G U{n) that obeys = 1. g can be diagonalized with eigenvalues of the form uj" , 
cr = 1, . . . , /c; we choose g to have eigenvalues uo" with multiplicity rio-. Similarly, we pick Z^ 
to act on the Chan-Paton space W = VP oi the E4-branes by an element u G U{p) that has 
eigenvalues with multiplicity nifj. 

Instantons on M^/Z^ are now described simply by taking the Z^-invariant subtheory of 
the original E0-E4 theory. This subtheory is obtained by replacing U{n) by its subgroup 
that commutes with Z^ and keeping only the Z^-invariant hypermultiplets. The subgroup 
of U{n) that commutes with Z^ is if = 11"=! ^(^o-)- Zfc-invariant hypermultiplets come 
from the Z^-invariant part of the original system of p fundamental hypermultiplets of U (n) 
and a hypermultiplet in the adjoint representation. The contribution from the fundamental 
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hypermultiplets is the direct sum of fundamental hypermultiplets of U{na)'i these are 
represented by the boxes of the quiver diagram of fig. [3 Shghtly more subtle is the analysis 
of the adjoint hypermultiplet of U{n). It parametrizes ® ® , where V"^ is the dual 
of V. Zfc acts on via w (one learns this by quantizing the EO-EO strings to get these 
hypermultiplets) and on V and V"^ via g. Taking this into account, invariance reduces 
the adjoint hypermultiplet of U{n) to a direct sum of bifundamental hypermultiplets of 
U{no) X f/(no.+i), cr = 1, . . . , /c; these are represented by the hnks of the quiver diagram. 
The upshot is that the quiver theory is simply the Z^-invariant part of the theory describing 
instantons on M^, so it describes instantons on M^/Z^. 



B The Monodromy At The Origin 



When an ALF space TNk develops an Afc_i singularity, the definition of gauge theory on this 
space requires a choice of a monodromy Uq at the singularity, as discussed in section [3.4. 1[ In 
eqn. (13.291) . we have given a formula for Uq in terms of NS5-brane linking numbers in a dual 
Type IIB description. This formula (which in section [3.4. II was justified only in the absence 
of D3-branes) will be derived here. For this purpose, it suffices to consider canonical NS5- 
D5-D3 configurations and to view the instanton bundle in just one complex structure. Under 
these circumstances, as we have learned in Appendix A, we can replace a TN^ space that 
has an Afc_i singularity by the corresponding M'^/Z^,. (I3.29P is then a standard consequence 
of the quiver description of instantons on M^/Z^, as we will now explain. 

The ADHM description of an instanton bundle on M^, regarded as a holomorphic bundle 
over C^, is as follows. First of all, we parametrize with complex coordinates s, t, on which 
Zfc acts by s — > us, t uj^^t, with uj = exp(27rz/A;). In the notation of Appendix A, we can 
regard S, T as maps V —>■ V, and similarly C as a map V W, and i? as a map W V. 
We define linear maps 

V (^V ®W (B.l) 

by 

/ = (5-s)©(T-t)©C (B.2) 
k={T-t)®-{S -s)®B. 

Here we regard C'^ <^ V a.s V Q) V ; f maps v & V to {S — s)v © (T — t)v © Cv, and k maps 
a © 6 © c to (T — t)a — {S — s)b + Be. The complex version of the ADHM equations, namely 
[T, 5*] + BC = 0, is equivalent to kf = 0. (The sum over A in flA.Qp is now absorbed in 
regarding C and B as maps to and from W.) Hence, when the ADHM equations are obeyed. 
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one can define "cohomology groups" 



H° = ker / (B.3) 

= ker k/imf 
H'^ = V/im k. 

For g = 0, 1, 2, we write h'^ = dim H"^. The "Euler characteristic" — h^ + is independent 
of / and k and hence can be evaluated at / = = 0, giving 

-h^ + = -dim W = -p. (B.4) 

According to the ADHM construction, a smooth and irreducible instanton solution on is 
associated with a solution of the ADHM equations witli^l = h'^ = 0. Hence for each s, t, 
Es^t = is a vector space of dimension p. {H^ depends on s and t, even though this is not 
shown in the notation, because s and t appear in the definition of / and k.) As s and t vary, 
Es^t varies as the fiber of a holomorphic vector bundle E C'^. This is the instanton bundle 
associated with the given solution of the ADHM equations, understood as a holomorphic 
bundle in a particular complex structure. 

Now, we consider a Z^-invariant solution of the ADHM equations, with acting on the 
spaces C^, V, and W as multiplication by w, g, and u, as in Appendix A. Then in particular, 
Zfc acts on Eq^q, the fiber of E a.t s = t = 0. We want to describe this action in terms of the 
data Ha and rricr of the Ak-i quiver diagram. 

First of all, w is completely determined by the geometrical action of Z^ on C^; w acts on 
with eigenvalues u and cu"^. (We can assume that the eigenvectors correspond to s and 

t.) The action of g and u determines the integers n^. and m„ appearing in a particular Afc_i 

quiver (fig. [7]). Specifically, we decompose 

^ = ©LiK, W = (Bt=iW^, (B.5) 

where the element 1 G Z^ acts on and on as multiplication by u'^. Then the quiver 
data are n^- = dimVo-, = dimW^j, as is clear from the derivation of the quiver diagram 
in Appendix A. 

To understand how Z^ acts on the fiber £"0,0 at the origin, we first set s = t = 0. This 
ensures that Z^ commutes with / and k and hence acts on the H'^. So we can make the 
decomposition 

= ®l-J,Hl (B.6) 

where again the element 1 G Z^ acts on if^ as multiplication by uj" . We set /i^ = dimif^. 
For each value of a, the generalized Euler characteristic h^^ — h\ + h'^ is independent of / 

^^In general, generates the Lie algebra of gauge symmetries of a given instanton solution, and = 
because of a kind of duality. 
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and k, as long as they commute with the chosen action of Z^. Hence the Euler characteristic 
can again be evaluated at / = = 0, and is 

hi - hi + hi = 2n^ - n^+i - n^^i - m„. (B.7) 

Now again, in the case of a solution of the ADHM equations that corresponds to a smooth 
and irreducible instanton bundle, we have = = 0. So all if^ and vanish, and 
hi = hi = 0. Hence for a smooth Z^-invariant instanton solution, we get 

hi = n^+i + n^-i - 2n„ + m„. (B.8) 



The object that appears in this computation is the fiber at the origin of the instanton 
bundle E, so hi is the dimension of the subspace of this fiber that transforms as uj" . Hence 
hi coincides with the object ao-,o defined in section I3.4.H and (IB.SP is equivalent to the 
claimed result (]3.29p . 



References 

[1] p. B. Kronhcimcr, "The Construction Of ALE Spaces As Hyper-Kahler Quotients," J. Diff. Geom. 28 
(1989) 665-683. 



[2] M. R. Douglas and G. W. Moore, "D-branes, Quivers, and ALE Instantons," |hep-th/9603167 
[3] S. Hawking, "Gravitational Instantons," Phys. Lett. AGO (1977) 81. 

[4] G. W. Gibbons and P. Rychenkova, "Hyper-Kahler Quotient Construction of BPS Monopole Moduli 
Spaces," Commun. Math. Phys. 186 (1997) 585-599, hep- th/9608085, 

[5] R. Gregory, J. A. Harvey and G. W. Moore, "Unwinding Strings and T-duality of Kaluza-Klein and 
iJ-Monopoles," Adv. Theor. Math. Phys. 1 (1997) 283 hep-th/9708086, 

[6] D. Ton g, "NS5-Bran es, T-Duality and Worldsheet Instantons," JHEP 0207 (2002) 013 
|arXiv:hep-th/0204186| . 

[7] H. Ooguri and C. Vafa, "Two-Dimensional Black Hole and Singularities of CY Manifolds," Nucl. Phys. 
B 463 (1996) 55 arXiv:hep-th/9511164 . 

[8] S. A. Cherkis, "Moduh Spaces of Instantons on the Taub-NUT Space," larXiv:0805."T245l [hep-th]. 

[9] P. B. Kronheimer and H. Nakajima, "Yang-Mills Instantons On ALE Gravitational Instantons," Math. 
Annalen 288(2) (1990) 263-307. 

[10] S. A. Cherkis, "Instantons On The Taub-NUT Space," to appear. 

[11] G. Etesi and T. Hausel, "On Yang-Mills Instantons Over Multi-Centered Gravitational Instantons," 



Commun. Math. Phys. 235 (2003) 275-288, arXiv:hep-th/0207196 



[12] G. Etesi and S. Szabo, "Harmonic Functions And Instanton Moduh Spaces On The Multi- Taub-NUT 
Space," arXiv:0809.0480, 

[13] S. A. Cherkis and A. Kapustin, "Singular Monopoles and Supersymmetric Gauge Theories in Three 
Dimensions," Nucl. Phys. D525 (1998) 215 arXiv:hep-th/9711145|. 



62 



[14] S. A. Cherkis and B. Durcan, "Singular Monopoles via the Nahm Transform," JHEP 0804 (2008) 070 
arXiv:0712.0850 [hep-th]]. 

[15] E. J. Weinberg and P. Yi, "Magnetic Monopole Dynamics, Supersymmetry, and Duality," Phys. Rept. 
438 (2007) 65 [arXiv:hep-th/0609055| 

[16] D. Gaiotto and E. Witten, "Supersymmetric Boundary Conditions in TV = 4 Super Yang-Mills Theory," 
iarXiv:0804.2902l [hep-th] . 

[17] N. J. Hitchin, A. Karlhede, U. Lindstrom and M. Rocek, "Hyperkahler Metrics and Supersymmetry," 
Commun. Math. Phys. 108 (1987) 535. 

[18] U. Lindstrom and M. Rocek, "Scalar Tensor Duality And TV = 1, A/" = 2 Nonlinear Sigma Models," 
Nucl. Phys. B222 (1983) 285. 

[19] T. Eguchi and A. J. Hanson, "Selfdual Solutions To Euclidean Gravity," Annals Phys. 120 (1979) 82. 

[20] C. N. Pope, "Axial Vector Anomalies And The Index Theorem In Charged Schwarzschild And Taub - 
Nut Spaces," Nucl. Phys. B141 (1978) 432. 

[21] G. W. Gibbons, "The Sen Conjecture for Fundamental Monopoles of Distinct Type," Phys. Lett. B 
382 (1996) 53 arXiv:hep-th/9603176|. 

[22] K. M. Lee, E. J. Weinberg and P. Yi, "T he Moduh Space of Many BPS Monopoles for Arbitrary Gauge 
Groups," Phys. Rev. D 54 (1996) 1633 |arXiv:hep-t£79602r6^ . 

[23] M. K. Murray, "A N ote on The (1,1,..., 1) Monopole Metric," J. Geom. Phys. 23, 31 (1997) 
arXiv:hep-th/9605054| . 

[24] D. E. Diaconescu, "D-Branes, Monopoles and Nahm Equations," Nucl. Phys. B 503, 220 (1997) 
arXiv:hep-th/960816J5 . 

[25] O. Ganor, unpubHshed. 

[26] A. Hanany and E. Witten, "Type IIB Superstrings, BPS Monopoles, and Three-Dimensional Gauge 
Dynamics," Nucl. Phys. B 492 (1997) 152 |arXiv:hep-th/9611230i . 

[27] M. R. Douglas, "Gauge Fields and D-Branes," J. Geom. Phys. 28 (1998) 255 |arXiv:hep-th/9604198| . 

[28] J. Dai, R. G. Leigh and J. Polchinski, "New Connections Between String Theories," Mod. Phys. Lett. 
A 4 (1989) 2073. 

[29] H. Nakajima, "Instantons On ALE Spaces, Quiver Varieties, And Kac-Moody Algebras," Duke Mathh. 
J. 76 (1994) 365-416. 

[30] K. A. Intriligator and N. Seiberg, "Mirror Symmetry in Three Dimensional Gauge Theories," Phys. 
Lett. B387 (1996) 513 (arXi7:hep-th/9607207| . 

[31] D. Gaiotto and E. Witten, "S-Duality of Boundary Conditions In TV = 4 Super Yang-Mills Theory," 
arXiv:0807.3720. [hep-th] . 

[32] P. K. Townsend, "The Eleven-Dimensional Supermembrane Revisited," Phys. Lett. B 350 (1995) 184 
;arXiv:hep-th/9501068 . 



63 



